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Abstract—Logic optimization is a critical phase in Electronic
Design Automation (EDA) flow for meeting desired circuit power,
performance, and area (PPA) targets. These logic circuits are
typically represented as Directed Acyclic Graphs (DAGs), where
the structural depth, quantified by node level, critically corre-
lates with timing performance. Modern optimization strategies
frequently employ iterative, local transformation heuristics (e.g.,
rewrite, refactor) directly on this DAG structure. As optimization
locally modifies the graph, node levels require dynamic updates
to guide subsequent decisions. However, a significant gap ex-
ists: existing algorithms for incrementally updating node levels
are unbounded to small changes. This leads to a worst total
complexity in O(|V|?) for given local subgraphs {AG;}.Y|
updates on DAG G (V, E). This unbounded nature poses a severe
efficiency bottleneck, hindering the scalability of optimization
flows, particularly when applied to large circuit designs prevalent
today. In this paper, we analyze the dynamic level maintenance
problem endemic to iterative logic optimization, framing it
through the lens of partial topological order. Building upon the
analysis, we present the first bounded algorithm for maintaining
level constraints, with O(|]V|Alog A) time for a sequence
|V| of updates {AG;}, where A = max; | AG;| denotes the
maximum extended size of AG;. Experiments on comprehensive
benchmarks show our algorithm enables an average 6.4 X overall
speedup relative to rewrite and refactor, driven by the proposed
bounded maintenance that achieves subquadratic time updates,
all without any quality sacrifice.

Index Terms—Logic optimization, dynamic level maintenance,
incremental graph computation.
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1. INTRODUCTION

OGIC synthesis remains a fundamental cornerstone in

electronic design automation (EDA), serving as the critical
bridge between high-level hardware description languages and
physical implementation [9], [19], [22], [23], [29], [31], [32],
[34]. Within synthesis, multi-level logic optimization critically
determines circuit performance, power consumption, and area
(PPA), e.g., shortening critical paths to improve timing and
reducing gate counts to minimize area. As circuits grow in
complexity, the efficiency of these optimization techniques has
become essential for meeting design requirements within prac-
tical development timeframes [3], [18].

Due to their effective balance of expressiveness and simplic-
ity [4], [9], [10], directed acyclic graphs (DAGs) have become
the dominant representation in contemporary logic synthesis
frameworks, e.g., And-Inverter Graphs (AIGs) and Majority-
Inverter Graphs (MIGs). Logic optimization on DAGs typically
focuses on two primary objectives: reducing circuit graph size
(e.g., node count) and constraining or reducing graph level,
which directly correspond to the improved area and delay in
circuit implementations [12].

However, optimizing the logic circuit w.7.f. minimizing node
counts or DAG levels, is inherently NP-hard, rendering exact
solutions computationally intractable [33]. Thus, existing syn-
thesis flows typically employ iterative local transformations on
DAG representation, to efficiently obtain near-optimal results
[26], [31], [36]. As shown in Fig. 1(a), for each node in the
input circuit graph (i.e., G), the algorithms replace subgraphs
with functionally equivalent alternatives using Boolean or alge-
braic methods, e.g., factoring of expressions [26], or SAT-based
approaches [8], where each subgraph is generally delimited
by node cuts. When a local optimality subgraph (i.e., AG) is
identified, the original graph G replaces the relevant portion
with AG, and the levels of the resulting graph G & AG are
updated to maintain level constraints. For instance, in the widely
used synthesis tool ABC [9], local transformation operators
such as rewrite, and refactor are employed to identify and apply
beneficial subgraphs, optimizing network size while adhering to
level constraints [8], [26].

The dynamic nature of logic optimization and the computa-
tional expense of level updates underscore the importance of
bounded dynamic level computation. Two key challenges drive
this need: First, modern combinational designs have grown
extremely large due to complex logic functions, often with

0018-9340 © 2026 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence and similar technologies.
Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Southeast University. Downloaded on June 14,2026 at 03:18:11 UTC from IEEE Xplore. Restrictions apply.


https://orcid.org/0009-0006-8205-4564
https://orcid.org/0000-0003-4906-7049
https://orcid.org/0009-0003-7525-9375
https://orcid.org/0009-0004-4222-8510
https://orcid.org/0000-0003-4045-6806
https://orcid.org/0000-0002-7145-9391
https://orcid.org/0000-0001-6406-4810
https://orcid.org/0000-0002-4050-0443
mailto:lixq01@pcl.ac.cn

LIU et al.: BOUNDED DYNAMIC LEVEL MAINTENANCE FOR EFFICIENT LOGIC OPTIMIZATION

|.cullrcsyn level maintenance | graph update

0.1s 0.2s 0.9s 4.0s 18.6s

801

S
~ 60
o
en
=]
=
15}
240
o
~
Replacement
20
graph level
update maintenance

0
mult64 multl28 mult256 mult512 mult1024
Circuits

Output G (AGi}li‘;|1

(a) Typical local transformation-
based synthesis flow.

(b) Runtime breakdown of local oper-
ator rewrite [26].

Fig. 1. Motivation example: synthesis flow overview and its runtime
breakdown.

hundreds of millions of nodes [2], [3]. During synthesis, these
graphs undergo constant updates through local transformation
operations. Computing level for the entire updated graph G @
AG from scratch after each update AG becomes prohibitively
expensive as design sizes increase. Second, even dynamic meth-
ods that update only affected nodes face significant challenges,
as existing dynamic level maintenance methods are unbounded
w.r.t. local updates AG [15], [30]. Specifically, even a small
AG; to G can potentially affect the levels across almost the en-
tire graph, causing existing incremental methods run in O(|V|?)
for {AGT}L‘Q1 total updates [9], [16]. However, the resynthesis
step among most local operators only runs in O(|V||C|), e.g.,
rewrite, where |V| and |C| represent the number of nodes and
cuts per node, respectively. As demonstrated in Fig. 1(b), this
unbounded level computation becomes increasingly problem-
atic with large designs. The five multipliers of increasing bit
widths contain 0.04, 0.2, 0.7, 2.9, and 11.7 million nodes, re-
spectively. The proportion of time spent on level updates grows
dramatically from 0.2s out of 1.0s total runtime to 1162.5s
out of 1430.5 s. This escalating cost highlights the critical need
for more efficient level maintenance methods in modern logic
synthesis flows.

Several studies have attempted to improve logic optimiza-
tion efficiency through two approaches: artificial intelligence
enhancement [6], [18], [35] and parallel acceleration [17], [20],
[24], [28]. In the first category, Li et al. [18] employ prediction
models to prune candidate cuts, while Bai et al. [6] and Wang
et al. [35] introduce classification tasks and learned symbolic
functions to prune candidate nodes in resynthesis of rewrite and
mfs operators, respectively. In the second category, focusing
on rewrite, Possani et al. [28] employ fine-grained unlocking
strategies on multicore CPUs. Transitioning to GPUs, Lin et al.
[20] and Liu et al. [24] exploit node-level parallelism, while Li
et al. [17] propose recursion-free algorithms to address depen-
dency challenges. However, these acceleration strategies focus
on node count reduction, overlooking the efficiency bottleneck
inherent in level-constrained optimization—a critical require-
ment for circuit timing [3]. With general dynamic longest path
algorithm by Katriel et al. [16] fails to yield sufficient efficiency
improvements in synthesis flows. As summarized in Table I, the
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TABLE I
COMPLEXITY COMPARISON OF LEVEL MAINTENANCE

Algorithm ‘ Scope Total Complexity Key Mechanism
incLM [9] Unbounded o(|V]?) Recursive Traversal
pqLM [16] Unbounded O(|V|?log|V|) Priority Queue
boundLM (Our) | Bounded O(|V|AlogA) Partial Topo. Order

theoretically unbounded O(|V|?) complexity of these methods
creates a severe scalability barrier, necessitating a bounded
solution.

To this end, we design an efficient dynamic level maintenance
algorithm for logic optimization. To our knowledge, this is
the first work to establish a new paradigm that uses dynamic
graph computation analysis to theoretically enhance synthesis
efficiency. The main contributions are as follows.

1) We analyze the key insights for bounded level mainte-
nance algorithms, by framing it through the lens of partial
topological order.

2) By the analysis, we present boundLM, which dy-
namically maintains partial topological order (dynTO),
node levels (dynlLev), and reverse levels (dynRL). Our
boundLM is the first bounded algorithm achieving sub-
quadratic time updates in O(|V|Alog A) for |V| updates
{AG,}, where A denotes the maximum extended size of
AG;.

3) On large-scale benchmarks (0.214x10°% to 41.9x10°
nodes), boundLM achieves a 6.4x average speedup for
rewrite and refactor operators, with a 1074.8 x accelera-
tion in level maintenance, with preserved result quality.
We further verify the boundLM’s boundedness, scalabil-
ity, and robustness across different settings.

The remainder of this paper is organized as follows: Sec-
tion II introduces the background. Section III analyzes design
insights. Section IV outlines the framework, while Section V
details the algorithm. Section VI presents experiments, fol-
lowed by the conclusion in Section VII.

II. PRELIMINARY AND PROBLEM DEFINITION

In this section, we first introduce basic concepts, followed by
the logic optimization flow and the dynamic level maintenance,
and conclude with the problem definition.

A. Key Terminology

Boolean Circuit. A Boolean circuit G(V, E) is a directed
acyclic graph (DAG), where each node corresponds to a logic
gate and each directed edge (z, y) represents a wire connecting
2 to y [9]. The fanin and fanout of a node are its incoming and
outgoing edges, respectively. Primary Inputs (PIs) and Primary
Outputs (POs) serve as the circuit’s interface, while the circuit
level/delay denotes the maximum path length. We focus on
And-Inverter Graph (AIG), composed exclusively of 2-input
AND nodes with edge-based inverters.

Cut. For a node x in a Boolean circuit G, a cut C' =
{c1,- -+, cm } is a set of nodes blocking all paths from PIs to .
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A cut is k-feasible if |C| < k (typically 4 or 6). This constraint
bounds the complexity of the local subgraph induced by C,
denoted as G, thereby facilitating efficient logic optimization
via local transformations.

(Partial) Topological Ordering. A topological order on a
DAG is a strict fotal order relation “<” defined on the set
V' such that for every edge (z,y) € E, it holds that x < y.
For incremental synthesis, we extend this concept to partial
topological order. Given a subset V'~ C V, a partial topo-
logical order on V'~ is a strict total order “<” such that for
all (z,y) € E with 2,y € V~, x < y. To represent the topo-
logical order, standard implementations assign integer labels
ord(z) € {1,...,|V|} to maintain this ordering, but such static
assignments are not flexible for dynamic scenarios. Although
sophisticated data structures e.g., ordered lists achieve O(1)
amortized time complexity for dynamic order test and update
operations, they incur significant implementation overhead and
high constant factors [7], [21].

B. Local Transformation-Based Logic Optimization

Fig. 1(a) illustrates the standard synthesis flow used in mod-
ern engines [9]. Building on AIGs, the process iteratively re-
places a cut-induced subgraph Gy, with a logically equivalent
AG, yielding an optimized graph G © AG. We briefly intro-
duce the three main constituent steps.

Cut Enumeration. The process begins by identifying can-
didate regions for optimization. For a given node x in the AIG,
it computes the set of k-feasible cut using a bottom-up or top-
bottom approach that combines the set of cuts from x’s fanins.
Each cut C induces a subgraph Gy, rooted at z, representing
the local logic function driven by inputs C.

Subgraph Evaluation. This step evaluates potential opti-
mizations for each subgraph Gy, This involves applying var-
ious local transformation operators, e.g., rewrite, refactor. For
a detailed review, please refer to literature of [8], [25], [26],
[31]. Specifically, rewrite attempts to replace the subgraph Gy,
induced by the cut with a structurally different but function-
ally equivalent subgraph AG. These equivalent subgraphs are
often looked up from a precomputed library, which offers a
canonicalized logic function of the cut using NPN equivalence
(negation of outputs, permutation and negation of inputs) [26].
While refactor evaluates the candidate logic structures of the
cone by a factored form of the root function, with deeper and
less structurally biased adjustments compared to rewrite [5].

During evaluation, each potential subgraph AG generated by
these operators is assessed based on the reduction of AIG nodes
while satisfying level constraints. A common level constraint
check is formulated as:

L(2") € Linax — R(x) (1)
where £(z’) denotes the level of replacement node ' (logic
equivalent to z), Lyax represents the circuit’s maximum al-
lowed level, and R(x) indicates the reverse level of 2 measured
from the POs. This constraint ensures that the update does not
unduly increase the circuit’s critical path delay.
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Fig. 2. Example of a local optimization on AIG.

Subgraph Replacement. This step executes the structural
modification if the evaluation confirms that a candidate sub-
graph AG yields acceptable node gain and satisfies the level
constraints (cf. Equation (1)). The replacement proceeds by
redirecting the fanouts of the original root x to the new root 2/,
followed by recursively removing nodes in Gy starting from
x that become fanout-free. Following this update G & AG, the
level £(-) and reverse level R(-) must be recomputed for the
affected nodes to guide subsequent steps.

We next illustrate the flow with an example.

Example 1: As shown in Fig. 2, consider node 6 with a 3-
feasible cut {a,b,c} that implements function f = abc + be.
Through NPN equivalence matching (employed in rewrite [26])
or factorization techniques (employed in refactor [11]), a logi-
cally equivalent subgraph is identified. During the evaluation, a
candidate replacement subgraph rooted at node 14 implement-
ing f = ac + bc is selected. This transformation reduces both
node count and level by 1, as node 6 has level 4 while node 14
has level 3. The level and reverse level for affected nodes are
required to be recomputed.

C. Dynamic Level Maintenance

Dynamic level computation is driven by iterative subgraph
replacements. Specifically, replacing a node with a subgraph of
a different depth triggers incremental updates across its transi-
tive fanout, as exemplified by node 14 in Fig. 2(b).

Algorithm incLM presents a basic incremental level com-
putation method updating an AIG’s level map L(-) after a
subgraph modification AG [9], as shown in Algorithm 1. It
employs a level-based traversal, starting from the nodes affected
by AG, with a level-indexed data structure levelVec (lines 1-
2). Nodes are processed level-by-level to recompute and update
the level (lines 3-5, 12). When a node’s fanout f requires a level
update, the level map L£(f) is updated, and f is added to the
level-indexed data structure [evelV ec corresponding to its new
level for subsequent processing, propagating changes incremen-
tally (lines 6-11). Note that, incLM supports both unit updates
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Algorithm 1: A preliminary version of incremental level
computation (incLM [9])
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TABLE II
MAIN NOTATION

Input: AIG G, subgraph AG, level map L for G
Output: Updated level map L for G @ AG
1 levelV ec < Initialize level-indexed node vector;
2 Insert starting nodes from AG into levels in levelVec;
3 for i < 0 to |levelVec| — 1 do
cur Level < levelVecli];
if curLevel = () then continue;
foreach node = € curLevel do
foreach node f € fanout(x) do
lnew < 1 +max{L(y) | y € fanin(f)};
if lnew # L(f) then
10 E(f) — lncw;
11 Insert f into levelVec[lnew];
12 return £ for nodes in G @ AG;

(R R I N S

and batch updates by aggregating affected starting nodes into
the level-indexed structure [9], [16].

The time complexity of incLM is O(max(Lyax, ||AFF]|) for
dynamically updating the starting nodes of AG, where L5
refers to the maximum level in GG, and AFF represents the set
of nodes whose levels are affected by the subgraph replacement.
Thus, incLM runs in O(|V'|2) time for {AG;}\| total updates.
Here, ||AFF|| denotes the extended size of AFF, comprising the
affected nodes along with their immediate fanins and fanouts.
Throughout this paper, the notation || - || consistently denotes
the extended size, which captures the size of the changes in
the input and output, following the convention in incremental
graph algorithms [16], [21], [30].

However, even when the subgraph replacement does not re-
sult in actual updates, algorithm incLM still run in O(Lyax)s
i.e., it cannot be bounded solely by the affected nodes. To ad-
dress this limitation, Katriel et al. [16] propose algorithm pgLM
using a priority queue to maintain nodes requiring level updates
(rather than using level-indexed structures), while following the
same update propagation as incLM. Algorithm pqLM achieves
a time complexity of O(||AFF|| 4+ |AFF|log |AFF|) [16].

D. Problem Definition

The dynamic level maintenance for logic optimization prob-
lem is defined as follows.

Problem. Consider a Boolean circuit represented as an
AIG G(V, E), and a sequence of logical-equivalent subgraph
transformations {AG1, AGs, ..., AG|y|}. Each transforma-
tion AG; modifies the graph G;_ to produce G; = G;_1 &
AG;. The level-constrained logic optimization problem is to
efficiently update node levels L and reverse levels R such that
the maximum level of updated graph G\y| does not exceed that
of G, while minimizing the cumulative computational cost.

Note that, the number of subgraph transformations is
bounded by the node count | V| of the original graph G, as logic
optimization attempts potential equivalent replacements at each
node in G(V, E). Unless otherwise specified, Gy denotes the
original graph G in this paper.

Different from existing artificial intelligence enhancements
[6], [18], [35] and GPU-based acceleration strategies [17], [20],

Notation | Description

G(V, E) | Boolean circuit represented as an AIG
AG updates to GG (edge insertions, replacements, deletions)
G @ AG | circuit obtained by updating AG to GG

A maximum extend subgraph size, max; <;<|v| |AG;]|

L/R level/reverse level maps for node set V'

T ., node set directly affected by edge insertions during
z,z replacing nodes z by =’

P, node set directly affected by edge replacements during
z,® replacing nodes z by x’

D node set directly affected by edge deletions during
z,z’

replacing nodes x by x’

[24], [28], we first tackle the fundamental O(|V|?) efficiency
bottleneck of dynamic level maintenance from a theoretical
perspective of complexity optimization.

The main notations are summarized in Table II.

III. ANALYSIS OF DYNAMIC LEVEL MAINTENANCE

Adbhering to level constraints is critical in logic optimization,
necessitating the dynamic maintenance of node levels and re-
verse levels during AIG updates. This section analyzes the key
insights for efficient maintenance, characterizing the regions
affected by subgraph replacements and identifying properties
to bound these regions for efficient algorithm design.

A. Analysis of Affected Region

To characterize the level and reverse level affected regions
resulting from dynamic graph modifications during logic opti-
mization, we analyze the impact of the update operations. While
complex transformations, such as replacing a subgraph rooted
at 2 with a new, logically equivalent subgraph AG rooted at 2/,
involve multiple changes, their effects can be decomposed into
combinations of unit updates. We consider w.l.o.g. the following
unit updates within G & AG.

e cdge insertion: (insert e), adding an edge (possibly with a

new node) constituting the new subgraph AG into G.

e cdge deletion: (delete e), removing an edge (possibly with
an existing node) from G, typically from the original sub-
graph rooted at x.

e cdge replacement: (replace e1, e2), while implemented us-
ing unit delete (z,-) and insert (2’,-) on edges, it con-
ceptually uses redirection connections between logically
equivalent nodes by replace edges (z,-), (¢/,-).

Any complete subgraph replacement operation can thus be
achieved through a coordinated sequence of these unit updates.
Specifically, for a subgraph replacement from z to 2’ with AG,
the process proceeds as follows: The new subgraph AG is first
incorporated into G via insert e. The fanout edges of node x are
then redirected to 2/, i.e., replace (x,-) (2/,-). Finally, the ob-
solete subgraph is removed by recursively traversing backward
from node x by delete e, removing nodes and edges that lose all
their fanouts. This unit updates facilitate theoretical analysis; in
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practice, these updates form a batch AG processed collectively,
avoiding sequential overhead.

After updating G;—1 (Vi—1, E;—1) to G;(V;, E;) by replacing
the subgraph at node 2 with the new subgraph AG; rooted at 2,
we define three sets: Z, ./, D, ./, and P, .. These sets identify
nodes directly affected by insert, delete, and replace operations,
respectively, which serve as starting nodes for incremental level
update algorithms.

1L, is the set of nodes directly affected by insert edges.
Ty ={n|neV;An¢V;_1},itcomprises the nodes that are
newly connected to G;.

D, is the set of nodes directly affected by delete.
Dz,m/ = {TL | ne sz A Elma (man) € Ei—l A (mvn) ¢ Ei}’ it
denotes the set of nodes that remain in GG; but have lost at least
one fanin during the deletion process.

Pz is the set of nodes directly affected by replace edge.
Pow ={n|(z,n) € E;_1 A (2/,n) € E;}, it comprises nodes
whose fanins are redirected from node x to node 2’ during the
subgraph replacement.

We observe that the nodes in Z, ,» impact both level and
reverse level computations, which represents a trivial case. The
level of nodes in 7, ,» can be easily computed using the defini-
tion £(n) =1+ max{L(f) | f € fanin(n)} foreachn € Z, ,,
since these nodes are inserted following topological order. Be-
sides, the nodes in Z, ,+ are reachable from 2’. Thus, when we
process the reverse level computation for 2/, the nodes in Z,,
are naturally incorporated into the update.

Thus, we focus on non-trivial cases for starting nodes of level
and reverse level computation with replace and delete:

e Compute £: identify starting nodes n € P, ,» with incon-

sistent levels, i.e., £(n) # 1 + max{L(f) | f € fanin(n)}.

e Compute R: identify starting nodes n € {z'} U D, ,» with

inconsistent reverse levels, i.e., R(n) # 1 + max{R(f) |
f € fanout(n)}.

Based on the identified starting nodes, we can characterize
the entire affected regions requiring recomputation.

The affected region A, comprises all nodes visited during
this forward propagation whose levels are potentially incorrect.

Ap = {m eVi|3n € Pya,n~m,Log(m)

A1+ max Lo(p) ) @)
pEfanin(m)
where n ~» m indicates reachability from n to m, and L4 and
Lyew represent levels before and after the propagation. Recom-
putation is needed within this region until levels stabilize.
Similarly, incremental reverse level computation starts from
the nodes whose fanouts are charged. The affected region Ar
comprises nodes visited during the backward propagation from
these sources until reverse levels stabilize:

AR = {m ev; | dn e {»L/} U Dm,r’»m ~r N, ROld(Tn)

Raew (1)} 3

#14 max
peEfanout(m)
where m ~~ n denotes n is reachable from m, Rog and Ryew
are reverse levels before and after the propagation.
We next illustrate these concepts with an example.

IEEE TRANSACTIONS ON COMPUTERS, VOL. 75, NO. 7, JULY 2026

Example 2: As shown in Fig. 2, also consider the replacement
of node 6 by its logical equivalent node 14. Insert: the subgraph
AG implementing the logic of node 14 is inserted into the
graph G, i.e., Zg14 = {11,12,13,14}, in green. Delete: the
original node 6 and its fanouts are deleted, and any nodes that
become fanout-free are also recursively deleted, i.e., Dg 14 =
{1,¢,a,b}. Replace: the composite delete and insert edge on
the two logical equivalent nodes refer to replacement, i.e.,
Pe,14 = {7, 8}, in orange.

The affected region for level computation A, requires re-
computation starting from P 14 = {7, 8} once their level are
updated. A requires recomputation starting from {14} U
De 14 ={14,1,¢,a,b} once their reverse level are modified.
Benefiting from the updated level £ and reverse level R, the
level constraint in Equation (1) is correctly checked.

B. Analysis of Affected Region Reduction

As analyzed, replacing a node z in G with its logically
equivalent subgraph AG rooted at 2’ triggers level updates in
regions A, and Ax. Minimizing these regions is critical for
efficiency. To achieve this, we next exploit the continuous sub-
graph updates and the dynamic topological order to constrain
Ay and Ag, and thereby bounding the region by ||AG]|.

Selective Updates among Continuous Transformation.
By problem formulation, the circuit G undergoes a sequence
of continuous subgraph updates AG}, to the initial network Gy.
Each AG; generates affected regions A, and Ax. Indeed, A,
and Apx are already the minimal regions that maintain the level
and reverse maps of the entire V' [16].

However, the level constraint specified in Equation (1) im-
poses a more focused requirement. Specifically, this constraint
necessitates the accurate values of only the candidate replace-
ment root’s level, £(z'), and the original node’s reverse level,
R(z), at the precise moment a transformation decision is made.
This localized requirement motivates a selective update strat-
egy for £ and R, rather than exhaustively recomputing values
throughout the entire affected regions A, and Ag. Thus, by
ensuring the correctness of £(z') and R(x) just prior to ap-
plying each update AG;, the global level constraint remains
satisfied throughout the sequence of transformations that evolve
Gy through G, ..., Gy (where G; = Gi—1 © AG;).

Property 1: When incrementally replacing node x with its
logically equivalent node 2/, ensuring the correctness of level
constraints for G only requires the incremental maintenance of
L(m) for nodes m in the transitive fanin of 2/, and R(n) for
nodes n in the transitive fanout of z.

Property 1 delineates the sufficient scope for updates based
on the transitive dependencies of £ and R. Crucially, it reveals
that immediate, globally correct maintenance across all affected
regions (A, and Ag) is unnecessary. This update relaxation
is fundamental: it shifts the paradigm from exhaustive global
recalculation to strategic, selective updates, forming the theo-
retical basis for our efficient incremental algorithm.

An intuitive optimization attempt is to defer updates within
the affected region A, employing a lazy strategy. The actual
level recomputation for these deferred regions is triggered only
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Fig. 3.  Efficiency comparison: incLM vs lazy update.

when a subsequent operation requires the level of a node de-
pendent on the pending updates.

As shown in Fig. 3, the lazy strategy yields limited gains (ex-
cluding hyp): a 29% reduction in traversals translates to only an
18% runtime decrease, providing negligible overall efficiency
improvements. Therefore, the simple deferral mechanism offers
insufficient gains. It remains to design a more sophisticated
approach that explicitly exploits the dynamic AIG’s structure
changes occurring within the updates.

Dynamic Partial Topological Order Maintenance. To
incorporate the structural properties, we analyze the intrinsic
relationship between the level and topological order.

Property 2: A topological order of DAG is a linear extension
of the partial order induced by node levels.

In a DAG, if £L(m) < L(n), then there exist a path from m to
n, which implies m precedes n in any valid topological order.
It naturally extends the level-induced partial order into a total
linear order. Thus, by Property 2, if we can efficiently main-
tain the order, we gain a structural skeleton that significantly
constrains the affected region for level recomputation.

In a static graph G, levels and reverse levels can be computed
efficiently using DFS-based or topological order approaches.
However, in our dynamic setting, where the graph evolves to
G @ AG, these modifications can invalidate the level informa-
tion for a large portion of the graph. As synthesis iteratively
applies numerous small updates {AG;} ‘131 naively recomput-
ing levels by traversing the affected regions after each update
(e.g., using Algorithm 1) becomes too costly.

To address this challenge, we directly leverage Property 2.
Instead of discarding all structural information, we formally
maintain the partial topological order of G. This maintained
order serves as an explicit representation of the structural depen-
dencies between nodes. When a local modification AG; occurs,
we only need to update this order locally. Note that, preserving
a complete topological order for each intermediate graph G;
would be computationally excessive. Instead, we focus on the
processing order of unhandled nodes by preserving a partial
topological order on the original node set V.

Remark: Maintaining partial topological order solely for un-
handled nodes favors efficient order updates over order queries
[21]. This enables the use of a simpler data structure while
retaining sufficient dynamic capabilities. Thus, we utilize a
linked list to balance algorithmic simplicity with dynamic
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Algorithm 2: Bounded dynamic level constrained synthe-
sis boundLM

Input: AIG G(V, E), maximum allowed level £yax

Output: Optimized AIG G, final max level £,
1 Compute topological order 7 of V;
2 Compute level £ and reverse level map R of V;
3 Initialize handle status handle for nodes in G;
4 foreach node x in partial topological order 7 do
Set handle[z] as true;
T+ T\x;
Compute L of = by Alg. 4 dynLev;
Attempt local synthesis transformation at node x;
AG < replacement subgraph rooted at ';
10 if £(2') > Lmax — R(x) then continue;
11 Apply AG; to G;_1, Le, G, =Gi—1 & AG;, yielding
affected node sets Z, ./, Py 2/, Dy 2/;
12 Compute £ of Z, ,+ by Alg. 4 dynlLev;
13 Maintain topological order 7 by Alg. 3 dynTO;
14 Compute R of {z'} UD, .+ by Alg. 5 dynRL;
Compute the final maximum level £, ,.;
16 return Optimized G|v|, Linaxs

e w9 !

—
wn

responsiveness, avoiding the implementation complexity of or-
dered lists [7] and the static integer labels [27].

IV. BOUNDED LEVEL-MAINTAINED SYNTHESIS FRAMEWORK

In this section, we present a dynamic bounded level mainte-
nance algorithm for level-constrained synthesis. Unlike existing
unbounded methods [9], [16], [30] that suffer from O(|V|?)
complexity, our approach leverages structural insights to bound
the update cost by the local change || AG/| rather than the graph
size |V|.

The main result is stated below, with the detailed proof pro-
vided in Section V.

Theorem 1: Given an AIG G(V, E) with level constraint
Liax, there exists a bounded dynamic level update algorithm
that performs a sequence of logically equivalent subgraph
transformations {AGl}ll‘Ql to optimize G while maintaining
the level constraint in O(]V|Alog A) total time, where A =
max; [|AG;|| is the maximum extended size of AG;.

A. Overview of Bounded Algorithm

Building on these foundations, we now provide an overview
of our level-constrained synthesis framework boundLM en-
abled by bounded dynamic level computation, as outlined in
Algorithm 2. The general idea of our boundLM is to maintain
the partial topological order to reduce the affected regions A,
and Ag, thereby bounding the update cost by ||AG;]|.

Specifically, Algorithm boundLM takes as input an AIG
G(V, E) and a maximum allowed level L., and return the
optimized G and the new maximum level £/ . with £ <
Lmax. It first computes the topological order 7 for nodes V,
along with their corresponding level £ and reverse level map R.
A handle status, handle, is initialized for V', to prune affected
regions and maintain the partial topological order (lines 1—
3). The core of framework boundLM iterates each node = of
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original V according to the order 7 by Property 2 (lines 4—14).
For each node z:

1) The handle status handle[x] is set to true, and partial
topological order 7 is updated by removing z to form
a new order for the remaining nodes (lines 5, 6).

2) The level map L of x is updated by Algorithm 4 dynLev,
thereby preserving the correctness of level computations
for node in the transitive fanout of x during subsequent
processing phases, as established in Property 1. The de-
tails of dynLev are found in Section V-B (line 7).

3) A local synthesis transformation is attempted at node z,
e.g., rewrite and refactor, optimizing the local logic, often
aiming to reduce node count or area. This attempt may
identify a candidate replacement subgraph AG; (where
7 can be seen as an iteration index w.r.f. node x) that is
locally equivalent to the logic driven by x. This AG; is
rooted at a new or existing node " (lines 8-10).

4) The transformation is only accepted when L£(z) does
not exceed the available level budget by Equation (1).
The graph G;_; is updated to G; by incorporating the
operations insert, delete, and replace from AG;, i.e.,
G = Gi—1 @ AG,. Tt also identifies the directly affected
node sets resulting from the replacement x by 2/, i.e.,
Ly xts Py, and Dy o (line 11).

5) Following the valid order, Algorithm 4 dynLev updates
the levels £ for newly inserted nodes Z,, - (line 12).

6) Since replace may invalidate the partial topological order
T, Algorithm 3 dynTO maintains 7 from z’, pruning the
traversal by handle, as detailed in Section V-A (line 13).

7) Finally, the reverse levels for nodes affected by the trans-
formation, starting from {z'} UD, .-, are updated and
pruned by handle using algorithm 5 dynRL, described
in Section V-C (line 14).

After iterating through all nodes in the dynamic-maintained

order, the final maximum level £ . of the resultant AIG Gy
is computed (lines 15, 16).

V. DYNAMIC MAINTENANCE FOR SINGLE SUBGRAPH UPDATE

Building upon boundLM, we focus on the mechanisms for
single subgraph updates. We introduce dynamic order mainte-
nance to track structure evolution (Section V-A), followed by
dynamic level (Section V-B) and reverse level (Section V-C)
computations that exploit this order for selective updates.

A. Dynamic Partial Topological Order Maintenance

We first present our dynamic algorithm dynTO, which main-
tains partial topological order throughout graph updates. This
order directly benefits both level and reverse level computa-
tions, based on Property 2 in Section III.

A partial topological order 7 over unhandled nodes becomes
locally incorrect if a graph transformation AG; introduces new
fanin-fanout dependencies among these unhandled nodes that
violate their current sequence in 7. For instance, if an unhan-
dled node m acquires a new fanin f (also unhandled) due to
AG,, but f currently appears after m in 7 (i.e., m < f), then
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Algorithm 3: Dynamic order maintenance dynTO

Input: AIG Gj, partial topological order 7, handle status
handle, resynthesis nodes x, z’
Output: Update partial topological order T

1 Initialize visit[n] < false for all nodes n € V;
2 inv <0 ; // Nodes with invalid orders
3 findInv(z’, visit, handle, inv, G;);
4 if handle[z'] = false then
s | Append 2’ to inv;
¢ return reordInv(z, inv, T);
7 Procedure findInv(n, visit, handle, inv):
8 foreach fanin node f of n do
if handle[f] then continue;
10 if visit[f] then continue;
1 visit]f] « true;
12 findInv(f, vis, han, inv);
13 Append f to inv;
14 Procedure reordInv(z, inv, T ):
15 curOrd < the order element of = from T ;
16 foreach node f in inv do
17 newOrd < T .insertAfter(curOrd, f);
18 Set newOrd to the order element of f of T
19 curOrd <+ newOrd,

20 return Updated order 7,

Algorithm 4: Dynamic level computation dynLev

Input: AIG G;, level map £, nodes to be updated U,
Output: Updated level map £

1 foreach node n € U,, do

2 | L(n) <+ 1+ max{L(f)| f € fanin(n)};

3 return Updated level L;

T is no longer a valid order. Algorithm dynTO addresses these
invalidations caused by replace edges.

As shown in Algorithm 3, dynTO finds the nodes with in-
correct order (procedure findInv) and reorder these nodes (pro-
cedure reordlnv) to maintain the partial topological order 7. It
takes as input the current AIG G, the partial topological order
T (represented as a linked list of unhandled nodes), the handle
status array, the original resynthesis nodes 2 and 2, and returns
the updated order 7. Note that, if ’ has been handled, dynTO
does nothing since the order 7 remains valid.

Algorithm dynTO first initialize visit to false for nodes
in V, the global array inv to () to store nodes with incor-
rect orders (lines 1, 2). It then invokes procedure findlnv
on the resynthesis node x’ to discover nodes with incor-
rect partial topological orders, and xz’ is further appended
to snv when z’ is unhandled (lines 3-5). Finally, proce-
dure reordlnv is called to restore the valid partial topo-
logical order using the collected incorrect nodes in inv
(line 6).

Procedure findInv discovers the nodes with incorrect partial
topological orders (stored in inv) by backward DFS from z’ on
AG;. It accumulates all encountered unhandled and unvisited
fanins into inv in a post-order. This ensures inv contains a
topologically sorted sequence of all unhandled nodes within
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Example of partial topological order maintenance for replacing x

the fanin cone of z’ (lines 8-13). Unhandled node z’ itself is
appended to inv after its fanin cone is explored (line 4, 5).

Procedure reordlInv is then called to restore a valid partial
topological order. It uses the original resynthesis node z as an
anchor point (curOrd) in the linked list 7. The new unhandled
node’s order must immediately follow curOrd in the updated
order of 7 < T \ = (line 17). It iterates through the nodes f
in ¢nv, which are already topologically sorted relative to each
other (lines 16-19). Each node f is removed from its current
position in 7, and re-inserted into 7 immediately after curOrd.
Then, curOrd is updated to the newly positioned order of f. It
effectively relocates all nodes from inv into 7 to dynamically
maintain the partial topological order 7.

We illustrate Algorithm 3 with an example below.

Example 3: The example in Fig. 4 depicts partial topological
order maintenance following the replacement of x by 2/, i.e.,
2’s fanouts are redirected to that of z’. Note that, we use - --”
to represent nodes within the region.

Initially, assume that the order 7 in Fig. 4(a) is 7 = {z =
yt=g...knxr=<x...ggxw=<...<2'} in Fig. 4(a).
However, after G;_1 & AG;, T becomes incorrect because the
replacement creates a path from z’ to y, requiring 2’ < y in
any valid order, as shown in Fig. 4(b). To restore validity,
procedure findlnv is called on unhandled node 2, and identifies
inv ={w,...,2'}. Procedure reordInv places nodes of inv
topologically after x in 7, creating a new valid order 7 =
{wx...2y<xt=<...gn=xr=...<q}. Note that, z
is removed from the original 7 as it has been handled.

The correctness of dynTO is assured as follows.

Theorem 2: After each transformation AG, applied by Al-
gorithm boundLM, Algorithm dynTO correctly updates the
sequence of unhandled nodes 7 such that it remains a valid
partial topological order.

Proof: We show this by a loop invariant.

Loop invariant: Before the start of each update G;_1 ® AG,,
Algorithm dynTO maintains the partial topological order for
each ¢ from 1 to |V].

For iteration 7 = 1, it is easy to verify that the loop invariant
holds from line 1 in Algorithm boundLM. Assume that the loop
invariant holds for ¢ > 1, and we show the loop invariant holds
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for i + 1, i.e., for any two unhandled nodes m,n in 7,41, if
there is a path m ~» n in G;41, then m < n in T;41.

1) Neither m nor n is in inv. Their relative order in 7; 1 is
the same as in 7;, and remains correct as the transformation
G; ® AG;+1 must not have created a new path m ~- n that
inverts their old order. 2) Both m and n are in tnwv. Since inwv is
created by findInv in a post-order traversal of fanins, inv itself
is topologically sorted [13]. Procedure reordlnv preserves this
relative order when inserting into 7; 1. Thus, m < n holds in
Ti+1- 3) One of m,n is in inv, the other is not. We assume
m € inv, n ¢ inv. If n was originally after curOrd and not in
inw, it will remain after m in 7;, 1, i.e., m < n. This is because
all nodes in inv are reinserted immediately after the order of x
(i.e., curOrd). If n was originally before curOrd, and not in
inwv, then a path m ~» n in GG;41 introduces a contradiction. As
m must be handled based on loop invariant ¢, i.e., m is handled
and not in 4nv as findInv prunes all handles node, contradicting
with m € inv (lines 9, 10 in dynTO). We can similarly prove
for the case m ¢ inv, n € inv.

This shows that the loop invariant holds for G 1.

Putting these together, and we have the conclusion. (]

The time complexity of dynTO is analyzed as follows.

Theorem 3: Algorithm dynTO maintains the partial topologi-
cal order 7 in O(|V'|A) time for continuous updates { AG; }L‘;ll’
where A =max; ||AG;|| is the maximum extended size of
AG;.

Proof: The time complexity of dynTO for single AG; is
determined by the size of nodes with incorrect orders, i.e., inv.
This is because both findInv and reordInv procedures perform a
one-pass traversal over the nodes in ¢nv. Thus, the complexity
for maintaining the order after a single AG; is O(|inv]|). To
determine the overall complexity, we establish an upper bound
on |inwv| from the structural properties of the resynthesis process
and partial topological order maintenance.

The resynthesis at node x is based on a k-feasible cut that
represents the logic function of x. When replacing = by 2/,
the backward traversal in procedure findInv from 2’ is confined
within the fanin cone defined by this k-feasible cut. This is
because 2’ implements the same logic as the original cut of x.
Besides, by the definition of k-feasible cuts, every cut node n
has a path to = (i.e., n < x in T). Since Algorithm boundLM
processes nodes following the order by Theorem 2, and z is
the current node being handled, all cut nodes n must have been
handled already due to n < .

Therefore, when findInv performs backward traversal from
', it encounters these already-handled cut nodes and terminates
the traversal (line 9 in Algorithm dynTO). This bounds the size
of incorrect nodes: |inv| < |AG;| — k.

Algorithm boundLM performs |V'| resynthesis steps, invok-
ing dynTO for each. Let A = max; ||AG;|| be the maximum

extended size of AG;. The total complexity for {AGl}zl1 is:

V] V]
> Olinvil) <) O(IAG| — k) < O(|V|A)
i=1 i=1
Putting these together, and we have the conclusion. ]
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B. Dynamic Level Computation

We next introduce dynlLev, which leverages the maintained
partial topological order to perform efficient, selective level
updates during continuous transformations.

Based on Property 1 Property 2 in Section III, the order
serves as a structural dependency that captures the dynamic
graph evolution, constraining the affected regions. Moreover, by
Equation (1), only selective level updates are needed to maintain
the correct level when replacement node z’.

As shown in Algorithm 4, dynLev updates level values for
a specified set of nodes. It takes as input the current AIG
G, the level map £, and the node set U,, requiring level up-
dates, and returns the updated level map £. The computation
follows the standard level definition, where each node’s level
as one plus the maximum level among its fanin nodes. In
the context of Algorithm boundLM, U, represents different
node sets depending on the invocation: the handling node x
(line 7), or the set Z, ,» of newly inserted nodes (line 12).
Note that, the nodes in Z, . naturally maintain proper de-
pendency since they are constructed through forward fanin
exploration.

The correctness of dynlLev is assured as follows.

Theorem 4: For each candidate replacing = by 2’ in current
AIG G;, Algorithm dynLev correctly computes £(z”).

Proof: We show this by Theorem 2 and loop invariant.

By Theorem 2, when processing z, all nodes in its transitive
fanin cone have been processed and assigned correct level val-
ues. Since the replacement node ' is derived from a k-feasible
cut rooted at x, all nodes in the cut have already been processed.
The level L(z') is computed topologically via the newly created
nodes Z,, .+, which grow from the handled cut nodes, using the
standard level definition. Thus, the correctness of £(z") follows
inductively from the handled nodes.

Thus, to establish that Theorem 4 holds, we prove the loop
invariant: for any node x with handle[z] = true, its level £L(x)
is correct w.r.t. the current graph G,.

Since nodes are processed in topological order, the fanins
of x’ have been processed with correct levels, as guaranteed
by Theorem 2. Thus, the loop invariant holds, ensuring the
correctness of the level computations throughout the algorithm.

Putting these together, and we have the conclusion. (I

The time complexity of dynLev is analyzed as follows.

Theorem 5: Algorithm dynLev computes the level map L in
O(]V]) total time for continuous update {AGl}ll‘gl

Proof: The time complexity of dynLev arises from dealing
with individual nodes and the directly affected nodes by insert.

1) For each original node « € V, Algorithm dynLev is in-
voked once to compute L£(z) (line 7 in Algorithm 2).
Since each node has two fanins in AIG, the total cost for
processing all individual nodes is O(2 - |V]) time.

2) For newly inserted nodes Z, ,/, local transformation-
based synthesis flow is heuristic applied only when
the subgraph size |AG;| is reduced (line 8 in Algo-
rithm 2). Therefore, lezll |Z 2| < |V|, yielding total
cost O(|V]) time.

Putting these together, and we have the conclusion. (Il
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Leveraging the maintained partial topological order, Theo-
rem 4 and Theorem 5 establish that level-constrained synthesis
circumvents costly propagation across A . Instead, level com-
putation is only required for the newly created nodes and for
the nodes followed by partial topological order.

C. Dynamic Reverse Level Computation

We present our dynamic reverse level computation method
dynRL, which efficiently computes the level budget constraints
while leveraging the maintained partial topological order.

The reverse level of a candidate node x constrains the maxi-
mum budget of its replacement z’, ensuring that the optimized
level does not exceed L,ax. Based on Property 1 Property 2 in
Section III, following the valid order, we can further prune the
handled nodes during the exhaustive backpropagation to fanins
when updating reverse levels. That is, dynRL mainly computes
R for these newly inserted nodes in AG;.

As shown in Algorithm 5, dynRL updates reverse levels after
a graph transformation AG); has been applied. It takes as input
the current AIG G;, the reverse level map R and the handle
status, and returns the updated R. Algorithm dynRL first ini-
tializes an array visit and a minimum priority queue queue
for a backward traversal. The starting nodes in {z'} U D, ./
are pushed into the queue (lines 1-3). Algorithm dynRL itera-
tively processes to update their reverse levels or trigger updates
for their unhandled fanins (lines 4-14). Specifically, for each
popped and currently handling node n, it examines each fanin
node m of n. The reverse level only persists updates in the
unhandled transitive fanin cone, i.e., it is skipped when m has
already been handled (lines 5-8). The new potential reverse
level rpey for m is calculated using the standard definition:
1+ max{R(f) | f € fanout(m)} (line 9). If ryey is different
from the old R(m), then R(m) is updated to ey (lines 10,
11). If m’s reverse level changed and m has not been visited, m
and its reverse level R (m) are pushed into queue for backward
propagation (lines 12—14). Note that, different from the affected
region Ap, the starting nodes for dynRL are those with incon-
sistent reverse level values in {z'}, since node in D,, ,» has been
handled by Theorem 2.

By handling nodes in V' by the partial topological order,
dynRL effectively constrains recomputation to nodes within
AG; and their immediate neighbors. This localized approach
provides substantial benefits when transformations occur near
POs, where incLM requires traversing almost the entire V.

We illustrate Algorithm 5 with an example below.

Example 4: Fig. 5 illustrates reverse level computation
dynRL for replacing node 6 by 14. The update process is initi-
ated from {14}, as D¢ 14 = {1, ¢, a, b} has been handled.

Algorithm dynRL first computes R(14) = 1 + max{R(7),
R(8)} = 25 based on its fanouts, then triggers backward prop-
agation to affected {12, 13,11} based on their reverse levels as
priority (lines 4 and 14 in dynRL). Thus, {12,13,11} are se-
quentially dequeued from queue and assigned updated reverse
levels: R(12) = 26, R(13) = 26, and R(11) = 27.

The correctness of dynRL is assured as follows.
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Algorithm 5: Dynamic reverse level computation dynRL

Input: AIG G;, level map R, handle status handle
Output: Updated reverse level map R
Initialize visit[n] < false for all nodes n € V;
Initialize queue < 0;
Push the starting node of {z'} UD,, . into queue;
while queue # () do
n < pop from queue;
if visit[n] then continue;
foreach node m € fanin(n) do
if handle[m] then continue;
Tnew <— 1 + max{R(f) | f € fanout(m)};
if R(m) = ruew then continue;
R(m) < Tnew,
if lvisit[m] then
visit[m] +— true;
14 Push m into queue;
15 return Updated reverse level R;
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Fig. 5. Example of reverse level R computation for replacing 6 by 14. The
R of each node is annotated below its node.

Theorem 6: For each candidate replacing x by 2’ in current

AIG G}, Algorithm dynRL correctly computes R ().
Proof: We present a proof sketch using loop invariants.

By Property 1 and Theorem 2, it is sufficient to maintain
the correct reverse levels only for unhandled nodes. Algorithm
dynRL ensures this by pruning backward propagation at any
handled node m (line 8). Correctness follows similarly with
Theorem 2 and 4. (]

The time complexity of dynRL is analyzed as follows.

Theorem 7: Algorithm dynRL computes the reverse level
map R in O(|V|AlogA) total time for continuous update
{AGi}LZ‘l, where A = max; [|AG,]|.

Proof: For each AG;, Algorithm dynRL updates the re-
verse levels of unhandled nodes within the logical cone cor-
responding to the new node 2. As established in the proof of
Theorem 3, this affected region is bounded by the extended size
IIAG;||, which includes nodes derived from the k-feasible cut
along with their immediate neighbors. The number of nodes
requiring reverse level updates is |AG;| — k < ||AG,]|.
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During the updates, dynRL traverses the fanouts of affected
nodes to derive updated reverse level values (line 9). dynRL
maintains a priority queue containing at most |AG;| < ||AG,]|
nodes, where each update requires O(||AG; || log [|AG;])).

Since ||AG;|| < A, each update takes at most O(Alog A)
time, thereby running O(|V|Alog A) for |V| updates.

Putting these together, and we have the conclusion. O

By Algorithm boundLM, we can now establish Theorem 1.

Proof of Theorem 1: The proof proceeds in two parts:
correctness and complexity.

First, the level map £ and reverse level map R required in
Equation (1) are correctly computed by Algorithms dynTO,
dynLev, and dynRL, from Theorem 2, 4 and 6. Therefore, the
level constraints of AIG G are satisfied.

Second, Algorithm boundLM maintains level constraints in
O(]V|Alog A) time, since dynTO, dynLev, and dynRL run in
O(|V]A), O(|V]), and O(|V|Alog A), respectively, as proven
in Theorem 3, 5 and 7.

Putting these together, and we have the conclusion. g

Remarks: The boundedness of Algorithm boundLM tells us
we guarantee that boundLM is always more efficient than oth-
ers, e.g., incLM and pgLM, especially when AG is small and
G is big. We maintain levels only through localized updates
rather than exhaustive traversal of the entire G [9], [16], [30]. In
practice, AG is typically small (order of tens, e.g., 4-feasible cut
rewrite) and independent of graph scale, A serves as a practical
constant. Consequently, unlike previous methods with O(|V|?)
worst-case complexity, boundLM achieves subquadratic (lin-
ear) scalability w.r.t. |V|.

VI. EXPERIMENTAL RESULT
A. Experimental Setting

We conduct all experiments on an Intel(R) Xeon(R) Gold
6252 CPU 2.10GHz, 128GB RAM, and an Ubuntu 18.04 sys-
tem. All tests are repeated over 3 times and the average is
reported. The proposed algorithms is integrated into the widely
used logic synthesis tool ABC [9] to evaluate its effectiveness
in logic optimization. Algorithm codes are available at https://
github.com/jfkey/abc/tree/feature/boundls. Note that, our algo-
rithm applies to generic DAGs, enabling extension to tools like
Mockturtle [2] for MIGs and XAGs.

Dataset. Table III provides an overview of the circuits used in
this study, sourced from the EPFL benchmark [2], IWLS 2005
[1], and an AIG generator from ABC [9]. These datasets were
selected to evaluate the scalability and robustness of algorithms
on designs with diverse structural characteristics (e.g., vary-
ing depths and I/O counts) and massive scales (ranging from
0.214 x 105 to 41.9 x 10° nodes). Specifically, the multiplier
and sorter circuits were created using the gen -m and gen -s
commands in ABC [9], respectively, with increasing bit-widths.
To introduce optimization potential into these inherently com-
pact designs, we pre-processed them using a modified rewrite
(allowing negative gain) on 10% of randomly selected nodes.

Baseline. We compare our bound dynamic level computation
boundLM with incLM [9] and pqLM [16]. Algorithm incLM [9]
employs a predefined level-indexed vector to store candidate
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TABLE III
DATASET SUMMARIZATION
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-*-overall speedup

“¢level m.t. speedup |

N
(=1

38

x)

Circuit \ #Input #Output #AND Level
hyp [2] 256 128 214,335 24,801
mult256 [9] 512 512 724,133 2,377
netcard [1] 195,730 97,805 802,919 39
sort1024 [9] 1,024 1,024 2,773,507 2,661
mult512 [9] 1,024 1,024 2,905,935 4,961
sort2048 [9] 2,048 2,048 10,769,494 5,528
mult1024 [9] 2,048 2,048 11,695,025 9,917
sixteen [2] 117 50 16,216,836 140
twenty [2] 137 60 20,732,893 162
twentythree [2] 153 68 23,339,737 176
sort4096 [9] 4,096 4,096 41,920,515 13,924

nodes at each level. It propagates updates throughout the entire
affected regions of A, and Ay . Each individual update AG; re-
quires O(max(Lmax, ||AFF]||)) time, with the overall complex-
ity in O(|V|?) for continuous updates {AGZ}K‘1 It serves as
the default implementation strategy in ABC. Algorithm pqLM
[16] utilizes a priority queue to maintain nodes requiring level
updates, enabling efficient identification of A, and Ax. Each
individual update AG; requires O(||AFF| + |AFF|log|AFF|)
time, with the overall complexity in O(|V|?log |V|) for the
sequence of updates {AGl}l‘;‘l Note that, the correctness of
optimized circuits is verified through combinational equiva-
lence checking [9].

To evaluate the practical impact of our approach, we extend
all three algorithms (incLM, pgLM, boundLM) to cut-based
local optimization operators: rewrite [26] and refactor [5], [26].
Moreover, to assess the scalability of our algorithm, we fur-
ther apply it to resubstitution (in short resub), which performs
window-based optimization by constructing equivalent nodes
from feasible divisor sets [9].

B. Efficiency Analysis of Algorithm boundLM

To assess the efficiency of our boundLM, we integrated it
alongside the baseline incLM [9] and pqLM [16] into two
prominent local operators: rewrite and refactor.

Exp-1.1: Performance evaluation with rewrite. To assess
the efficiency of our boundLM integrated within rewrite, we
compare its performance with incLM and pgLM on bench-
marks, as shown in Table IV. Note that, “Level m.t. time”
represents the time overhead for maintaining level constraints,
while “All time” encompasses the total runtime including cut
enumeration, resynthesis, graph update, and level maintenance.
From Table IV, we have the following findings.

First, when rewrite employs boundLM for maintaining level
constraints, the overall runtime consistently outperforms both
incLM and pqLM across circuits of varying scales. On average,
boundLM achieves speedups of 10.5x and 16.5x compared
to incLM and pgLM, respectively. This substantial improve-
ment stems from boundLM’s minimal localized traversals, e.g.,
dynTO. Specifically, the level maintenance time of boundLM
is 1,812.6x and 2,833.2x faster than incLM and pgqlLM, re-
spectively. These results empirically validate the subquadratic
complexity of boundLM, as analyzed in Section III.
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Fig. 6. Efficiency comparison with incLM for refactor.

Second, the QoR remains comparable across all algorithms.
Notably, boundLM achieves superior metrics—an average 2%
level reduction (driven by sort4096) and a 0.08% node count
improvement—attributed to its distinct partial topological pro-
cessing order. Since all algorithms yield nearly identical
rewritable node ratios, we report a single “Gain node ratio”
column for brevity.

Third, incLM outperforms pgLM in most scenarios due to
pgLM’s overhead from maintaining a priority queue for storing
affected nodes requiring updates. pgLM demonstrates superior
performance over incLM only when the AIG exhibits both a
very large maximum level £, and a relatively small gain node
ratio, e.g., hyp and mult512, as analyzed in Section III.

Exp-1.2: Performance evaluation with refactor. To further
evaluate the efficiency of boundLM with refactor, we compare
its performance with incLM and pqLM, as shown in Fig. 6. Note
that, result quality (AIG size and depth) remains comparable
across all methods. Due to space limitations, Fig. 6 only illus-
trates the speedup in overall time and level maintenance time
achieved by boundLM compared to incLM. From Fig. 6, we
have the following findings.

First, when refactor employs boundLM for maintaining level
constraints, boundLM consistently outperforms both baselines.
Compared to incLM, boundLM achieves an average speedup
of 2.3x in overall time, with a corresponding 337.0x im-
provement in level update time. Similarly, boundLM demon-
strates superior performance over pqLM, delivering an average
speedup of 2.4x in overall time and 365.7x in level mainte-
nance time.

Second, refactor exhibits lower optimization potential (4%
avg. gain ratio) compared to rewrite (13%). When the overall
time improvements are marginal, the corresponding gain node
ratios tend to be very small, e.g., hyp, sort1024, and sort4096
exhibit gain node ratios of merely 0.9%, 0.4%, and 0.2%,
respectively. Therefore, boundLM achieves greater efficiency
improvements on operations with higher optimization potential,
which naturally require longer baseline runtimes.

C. Scalability Analysis of Algorithm boundLM

Exp-2: Performance Evaluation with resub. To evaluate
the scalability of our level maintenance algorithm, we extend it
to resub. For resub, we adapt boundLM to use a priority queue
for forward level propagation due to the transitive fanout cone
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TABLE IV
EFFICIENCY COMPARISON OF DIFFERENT INCREMENTAL LEVEL COMPUTATION ALGORITHM FOR REWRITE ON BENCHMARKS
incLM [9] pqLM [16] boundLM .

Circuit FAND | 7 Level mi. ATl FAND | o Levelmi ATl FAND | 7 Levelmi Al Gain node

(108) time (s)  time (s) | (10%) time (s)  time (s) | (10%) time (s)  time (s) || ratio (%)
hyp 0.214 24,801 0.01 3.4 0.214 24,801 0.0 3.6 0.214 24801 0.0 3.4 0.03
mult256 0.551 2,293 16.7 29.9 0.551 2,293 21.5 35.5 0.551 2293 0.1 134 7
netcard 0.521 38 8.6 24.0 0.521 38 9.0 25.3 0.521 38 0.2 15.7 12
sort1024 2.095 2,354 357.3 411.2 2.095 2,354 580.8 640.1 2.094 2150 0.4 52.1 9
mult512 2211 4,960 55.3 114.8 | 2211 4,960 50.6 1124 | 2216 4960 0.5 59.1 10
sort2048 8.383 4,505 3462.1  3,717.3 8.383 4,505 6,193.9 64542 | 8.382 4095 1.4 215.5 11
mult1024 8.769 9,511 1,162.5 1,430.5 8.769 9,511 1,621.5 1,906.5 8.769 9511 2.3 265.1 11
sixteen 12.178 109 6,213.5  7,290.7 | 12.178 109 7,205.5  8,384.8 | 12.178 109 39 10394 25
twenty 15.512 111 9,372.6  10,860.9 | 15.512 111 11,370.8 13,015.2 | 15.512 111 4.2 1425.5 25
twentythree 17.373 129 11,168.2 12,9459 | 17.373 129 13,1444 15,132.2 | 17.374 129 5.0 1721.0 25
sort4096 33.628 8,599 52,5435 53,674.8 | 33.628 8,599 92,489.2  93,646.7 | 33.545 8191 5.4 948.6 11
Average | 9221 5219.1 7669.1 8227.6 | 9221 5219.1 12062.5 126688 | 9.214 51262 2.1 5235 || 13
Avg. speedup | 1.00  1.02 1,812.6 105 | 100 1.02 2,833.2 165 | 1.00 1.00 1.00 100 || 13

Note: ‘Average’ is the arithmetic mean of the raw values. ‘Avg. speedup’ is the arithmetic mean of the individual speedups relative to boundLM.

TABLE V
EFFICIENCY COMPARISON WITH BOUNDLM FOR RESUB

affected regions and the subgraph sizes during level mainte-
nance, as shown in Table VI. It presents the per-node statistics of
traversed regions for both incLM and boundLM across rewrite

incLM LM boundLM . . . .

Circuit Tevelmt Al [Level rii_ Al [Tevel mt Al and refactor operations, revealing the following key findings.

time (s) time (s) | time (s) time (s) | time (s) time (s) First, for both rewrite and refactor, the average extended sub-
hyp 0.9 23 0.1 1.6 0.0 15 graph size A remains small (10.1-11.8 nodes) and independent
mult256 3.6 9.7 3.6 10.1 2.8 8.9 : A :
- 0o s0a 0o s 00 san of AIG scal.e. This constant A effectively bounds the average
sort1024 47.0 74.1 972 126.0 40.1 67.8 affected regions (#NTL, #NTR, #IPTO) to small values, align-
multS12 369 622 373 643 285 546 ing with the theoretical constant in Section V. Consequently, the
sort2048 1,021.3 1,127.9 1,656.1 1,772.4 463.8 574.6 . . . . . . .
mult1024 601.5 706.1 692.8 804.0 561.1 665.5 level maintenance time scales llnearly with AIG size (lnCI’easmg
sixteen 02 2075 02 2227 0.6 2075 from 0.01s to 5.4s as nodes grow from 0.2 x 10° to 42 x 10°).
twenty 04 2793 03 3137 0.8 2847 1 . o : . B
twentythree 03 328 0> 3387 09 3288 Th1§ hnegr relationship is consistent with O(|V|Alog A) es
sort4096 29,742.6 30,219.1| 38,366.3 38,833.9| 11,304.9 11,764.3 tablished in Theorem 1.
Average | 28595 30056| 37140 38673| 11276 12737 Second, in contrast, incLM exhibits unbounded behavior for
Avg. speedup| 254 236 329 304 100 100 both level and reverse level computations, where even the af-

requirements, while maintaining the original approach for order
maintenance dynTO and reverse level computation dynRL. The
comparative results with incLM and pgLM are presented in
Table V, yielding the following findings.

First, the adapted boundLM consistently outperforms both
incLM and pgLM across nearly all benchmarks. On average,
boundLM achieves speedups of 2.4x and 3.1x in overall run-
time compared to incLM and pqLM, respectively. The corre-
sponding level maintenance time shows efficiency improve-
ments of 2.5x and 3.3 X, respectively.

Second, the efficiency gains of the adapted boundLM in resub
are less pronounced compared to those observed in rewrite
Table IV. This reduction stems from the modified forward level
update, which involves priority queue operations and cannot be
bounded by O(Alog A) time, due to the potential for wider-
reaching fanout dependencies.

D. Boundedness Analysis of Algorithm boundLM

Exp-3: Affected region comparison of boundLM. To
validate the boundedness of boundLM, we analyze the average

fected regions cannot be constrained by the modified subgraph
or its neighborhood. As the circuit scale increases, the affected
regions grow substantially, thereby incLM is an incrementally
unbounded algorithm [14], [30]. This fundamental difference
results in incLM requiring an average of 7,669.1s for level
constraint maintenance in rewrite operations, while boundLM
maintains the level in merely 2.1s.

E. Parameters Analysis of Algorithm boundLM

Exp-4: Zero-gain parameter evaluation of boundLM.
To further assess the robustness of boundLM under varying
optimization scenarios, we evaluate the efficiency of rewrite
and refactor with -z parameter enabled, as shown in Fig. 7. It
allows subgraph transformations even when zero node gain is
achieved, thereby expanding the structural exploration space of
AIG optimization under aggressive strategies. From Fig. 7, we
have the following findings.

First, Fig. 7(a) shows that boundLM maintains its perfor-
mance advantage for refactor -z. Compared to incLM, it delivers
an average overall runtime speedup of 2.9x and reduces level
maintenance time by a factor of 352.3 x.

Second, as shown in Fig. 7(b), boundLM substantially out-
performs incLM during rewrite -z operation. It achieves an
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TABLE VI
AFFECTED REGION AND SUBGRAPH SIZE COMPARISON OF BOUNDLM FOR REWRITE AND REFACTOR

incLM for rewrite boundLM for rewrite incLM for refactor boundLM for refactor

Cireuit aNTL #NTR % lunTL enTR #ipTo A % [lantL anTR M lanTL #nTR #mPTO A eVl

time (s) time (s) time (s) time (s)
hyp 0.001  0.005 0.010 2.0 0.001 0.001 153 0.01 0.2 0.2 0.3 2.0 0.044 0.024 14.6 0.010
mult256 91.7 165.3 16.7 2.2 0.4 03 143 0.1 1.6 0.9 1.0 2.1 0.2 0.1 13.8 0.1
netcard 0.7 470.1 8.6 2.0 0.4 0.009 64 0.2 || 0.013 2,799.9 45.6 2.0 0.5 0.011 84 0.1
sort1024 480.6 9343 357.3 2.1 0.3 0.2 105 0.4 0.2 4.8 1.3 20 0.004 0.002 33 0.1
mult512 102.2 42.3 55.3 22 0.4 03 13.6 0.5 0.1 0.6 5.3 2.1 0.1 0.1 122 0.2
sort2048 1,4359 1,698.2 3,462.1 2.1 0.3 02 95 1.4 50.4 0.03 50.9 2.0 0.008 0.008 4.0 0.5
mult1024 415.0 4653 1,162.5 2.2 0.4 04 145 2.3 1.7 1.0 76.5 2.1 0.2 0.1 142 1.2
sixteen 4.8 35283 62135 2.5 0.5 03 62 39 1.0 12084 2,391.8 2.5 0.3 02 17.7 29
twenty 59 3923.6 93726 2.5 0.5 03 62 4.2 1.3 1,417.0 3,777.5 2.5 0.3 03 179 33
twentythree 6.4 4,133.3 11,168.2 2.5 0.5 03 62 5.0 1.5 1,529.9 4,482.6 2.5 0.3 03 18.1 43
sort4096 5,695.0 7,960.6 52,543.5 2.1 0.3 02 84 5.4 0.1 0.2 13.2 2.0 0.004 0.002 6.0 1.5
Average | 7489 2,120.1 7.669.1 | 22 0.4 0.2 10.1 21| 53 6330 986.0 | 22 0.2 0.1 11.8 1.3

Note: #NTL, #NTR, and #IPTO denote the average nodes processed for level, reverse level, and invalid partial topological order updates (i.e., normalized
by |V]). A is the average extended size of the subgraph AG.

| - overall speedup~¢level m.t. speedup |

| — overall speedup¢level m.t. speedup |
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Fig. 7. Efficiency comparison with incLM using zero gain.

average overall runtime speedup of 9.5x, accompanied by a
remarkable 904.7 x reduction in level maintenance time. These
gains mirror those seen with standard rewrite (Exp-1.1), un-
derscoring the consistent efficiency of boundLM even when
exploring a broader optimization search space.

E Runtime and Memory Profile of Algorithm boundLM

Exp-5: Comparative runtime breakdown of boundLM. To
analyze the performance impact of our boundLM, we compare
runtime breakdowns against incLM, as shown in Fig. 8. It shows
the average time distribution across cut enumeration, resyn-
thesis, level maintenance, and graph update stages for rewrite,
refactor, and resub on the benchmark. From Fig. 8, we have the
following findings.

boundLM dramatically reduces level maintenance overhead
for rewrite and refactor operations. For rewrite, level mainte-
nance time drops from 7,669s (93.2% of total) to 2.1s (0.4% of
total). Similarly, for refactor, it decreases from 985s (63.7% of
total) to 1.3s (0.2% of total). Although resub cannot achieve the
same O(|V]Alog A), boundLM still delivers significant gains,
reducing level maintenance time from 2,859s to 1,127.6s (2.5 x
speedup). With boundLM, level maintenance becomes negligi-
ble for rewrite and refactor, thereby establishing a foundation
for tractable optimization of large-scale circuits.

refactor
Logic optimization operator

Fig. 8.  Proportion of time for each part in logic optimization.
Linked List
Structure
Circuit Storage
Fig. 9. Average memory breakdown of boundLM.

Exp-6: Memory Overhead of boundLM. Regarding mem-
ory consumption, Fig. 9 illustrates the breakdown between cir-
cuit storage (AIG nodes and edges) and the auxiliary structure
(linked list for partial topological order). The linked list incurs a
constant overhead of two pointers per node, consuming 17.8%
of the total structural memory on average. Given the substantial
runtime speedup, this linear O(|V'|) memory trade-off is well-
justified and scalable for large designs.

VII. CONCLUSION

We analyzed the dynamic level maintenance problem in it-
erative, level-constrained logic optimization by reframing it
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through partial topological order maintenance. Leveraging this
insight, we developed a bounded algorithm, boundLM, for dy-
namically maintaining topological order (dynTO), node lev-
els (dynLev), and reverse levels (dynRL), in O(|]V]|Alog A)
time for |V'| updates. As a result, on large-scale benchmarks,
boundLM achieves an average 6.4 x overall speedup in rewrite
and refactor, driven by the efficiency of subquadratic level
maintenance, without any degradation in QoR.

This work establishes a new paradigm for enhancing logic
synthesis by applying principles from dynamic graph algo-
rithms. It provides a foundation for developing more scalable
and efficient optimization tools capable of handling the com-
plexity of next-generation integrated circuits.
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