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Abstract—In this paper, we consider the triple patterning lithography layout decomposition problem. To address the problem, a
discrete relaxation theory is built. For designing a discrete relaxation based decomposition framework, we propose a surface projection
method for identifying native conflicts in a layout, and then constructing the conflict graph. Guided by the theory, the conflict graph is
reduced to small size subgraphs by vertex removals, which is a discrete relaxation. Furthermore, by ignoring stitch insertions and
assigning weights to features, the layout decomposition problem on the small subgraphs is further relaxed to a 0-1 program, which is
solved by the Branch-and-Bound method. To obtain a feasible solution of the original problem, legalization methods are introduced to
legalize a relaxation solution. At the legalization stage, we prior utilize one-stitch insertion to eliminate conflicts, and use a backtrack
coloring algorithm to obtain a better solution. We test our decomposition approach on the ISCAS-85 & 89 benchmarks. Comparisons of
experimental results show that our approach finds solutions of some benchmarks better than those by the state-of-the-art
decomposers. Especially, according to our discrete relaxation theory, some optimal decompositions are obtained.

Index Terms—Triple patterning lithography, layout decomposition, discrete relaxation, surface projection, 0-1 program
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1 INTRODUCTION

RELAXATION is an important approach for NP-hard com-
binatorial optimization problems. The minimum value

of a relaxation problem provides a lower bound on the min-
imum value of an NP-hard combinatorial optimization
problem. Moreover, by legalizing a minimum solution of
the relaxation problem to a feasible one of the original prob-
lem, we can get a possibly least upper bound on the mini-
mum value of the original problem. There are two
categories of relaxation methods, i.e., continuous relaxation
and discrete relaxation. Continuous relaxation includes con-
vex relaxations [1], e.g., linear programming relaxation and
semidefinite programming relaxation. Discrete relaxation
refers to some discrete optimization problem based relaxa-
tion [2]. The discrete relaxation problem should be much
easier to solve. In this paper, we propose a discrete relaxa-
tion method for layout decomposition for triple patterning
lithography (TPL), which is a 0-1 program relaxation.

With the need of industry for more and more smaller
cells, the current 193 nm ArF lithography technology cannot
meet the need of the IC industry. Extreme Ultra-Violet
(EUV) lithography is considered as a promising technology
for next-generation lithography. However, due to mask
material, light source and other device problems, EUV still
cannot be put into IC manufacture. Consequently, multiple
patterning lithography (MPL) technology has become the
preferred, which decomposes an initial layout into multiple
masks for use in multiple exposure lithography. MPL is

considered of great values in research and industrial appli-
cations [3], [4], [5]. In MPL, layout decomposition is a key
step. In this paper, we focus on the layout decomposition
for triple patterning lithography.

Layout decomposition for triple patterning lithography
is that, an initial layout is decomposed into three masks.
Fig. 1a shows an example of decomposing a layout to three
masks. For TPL, the rule of minimum coloring spacing is
that, if two features are within the minimum coloring spac-
ing mincs, then they should be assigned to different masks;
otherwise a conflict occurs between the two features. As
shown in Fig. 1b, according to the rule of minimum coloring
spacing, a conflict occurs between features a and d. Conflicts
can be eliminated by inserting stitches. That is, a feature
may be split into several touching sub-features by inserting
stitches. As shown in Fig. 1c, a stitch is inserted into feature
d. Since both conflict and stitch will affect the effect of
lithography, especially the conflict, a crucial issue in TPL is
to achieve the minimum numbers of conflicts and stitches.

Before introducing previous works on TPL layout decom-
position, it is necessary to introduce some researches on dou-
ble pattering lithography (DPL). Generally, DPL layout
decomposer converts the layout decomposition problem to
the 2-coloring problem. Kahng et al. [5] and Yuan et al. [6]
constructed integer linear programming (ILP) models,
where the number of conflicts and the number of stitches are
minimized simultaneously. Xu et al. [7] and Tang et al. [8]
used many graph division methods in DPL for reducing the
scale of the problem. A method for identifying the native
conflicts was proposed by Fang et al. [9]. The method by
Tang et. al [8] achieved the most up-to-date results, which
are based on a polynomial timeminimum cut algorithm.

The TPL layout decomposition problem and the problem
with balanced density are NP-complete, which were proved
by Yu et al. [10], [11]. Hence most of algorithms for the TPL
layout decomposition problem belong to heuristic methods.

! The authors are with the Center for Discrete Mathematics and Theoretical
Computer Science, Fuzhou University, Fuzhou 350108, China.
E-mail: {982670199, 406187567}@qq.com, wxzhu@fzu.edu.cn.

Manuscript received 7 Jan. 2016; revised 8 June 2016; accepted 11 June 2016.
Date of publication 15 June 2016; date of current version 20 Jan. 2017.
Recommended for acceptance by K. Chakrabarty.
For information on obtaining reprints of this article, please send e-mail to:
reprints@ieee.org, and reference the Digital Object Identifier below.
Digital Object Identifier no. 10.1109/TC.2016.2582154

IEEE TRANSACTIONS ON COMPUTERS, VOL. 66, NO. 2, FEBRUARY 2017 285

0018-9340! 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



A special case of the TPL layout decomposition problem is
the problem where only row structure and standard cells
are considered. A polynomial time heuristic algorithm was
proposed by Tian et al. [12] for this problem. This was
improved by Chien et al. [13].

For the general TPL layout decomposition problem, there
are two kinds of common approaches. The first is the meth-
ods operating in the feasible solution space only, and trying
to find a least possible upper bound on the minimum value
of the TPL layout decomposition problem. Among this kind
of methods, Cork et al. [14] proposed an algorithm based on
the 3-SAT problem. The heuristic method by Fang et al. [15]
uses the line projection method to identify conflicts, and
then all edges of the conflict graph are weighted for design-
ing algorithms. At present, the heuristic graph matching
method proposed by Kuang et al. [16] achieves the fastest
running time, in which a number of graph division methods
are introduced for reducing the graph vertex number.

The second approach is the semidefinite program relaxa-
tions of the TPL layout decomposition problem by Yu et al.
[10], [11], which are continuous relaxations. In [10], Yu et al.
formulated the TPL problem as a linear binary program and
a vector program. The vector program was further trans-
formed to a semidefinite program for finding a relaxation
solution. Generally, a solution of the relaxation problem is
infeasible for the TPL problem, and is rounded to a feasible
one. An advantage of this method is that, a solution of the
relaxation problem provides a lower bound, and the feasible
solution by rounding provides an upper bound on the mini-
mum value of the TPL problem. Hence, the solution quality
may be estimated. However, since conflicts and stitches are
considered simultaneously, the size of the relaxation prob-
lem is much larger, and the solution time is much more.

Discrete relaxation has not been proposed for the TPL
layout decomposition problem. By considering the advan-
tage of the relaxation method, we propose in this paper a
discrete relaxation theory and the theory based layout
decomposition framework for TPL. In the framework,

conflicts and stitch insertions are considered separately.
Our decomposition framework obtains a decomposition
solution in two steps. The first step focuses on finding a dis-
crete relaxation solution. Due to our relaxation by graph
reduction tricks and stitch insertions not considered at this
step, the solution space is dramatically reduced, and we can
quickly find an optimal solution of the relaxation problem.
At the second step, the relaxation solution is legalized to a
feasible solution of the TPL layout decomposition problem.
Experimental results and comparisons indicate that our dis-
crete relaxation based method is fast and effective. Specifi-
cally, for some test benchmarks, optimal solutions are
obtained according to our discrete relaxation theory.

If stitch insertions are not allowed, then the TPL layout
decomposition problem is the 3-coloring problem, and our
decomposition method still works by deleting stitch inser-
tion operations. Although the techniques used in our
method look like heuristic methods, they are carefully
adopted or designed for the discrete relaxation purpose. For
example, the surface projection method developed is used
for finding some features in a layout which will be colored
prior. We believe our discrete relaxation idea and techni-
ques could be applied to other problems.

The rest of this paper is organized as follows. Problem
formulation, the discrete relaxation theory, and the over-
view of the TPL layout decomposition framework are stated
in Section 2. Section 3 shows the surface projection tech-
nique for identifying conflicts and the defined conflict fea-
tures. This technique is important for our discrete relaxation
method. Section 4 introduces the discrete relaxation
method. Legalization process is explained in Section 5.
Section 6 details the graph reduction methods used in our
decomposition framework. The graph reduction is also a
kind of discrete relaxation of the TPL layout decomposition
problem. Experimental results will be given in Section 7,
and we conclude our work finally.

2 PROBLEM FORMULATION, DISCRETE

RELAXATION THEORY, AND LAYOUT

DECOMPOSITION FRAMEWORK

In this section, we present first the TPL layout decomposi-
tion problem. Then we propose the discrete relaxation the-
ory based on which our algorithm for the TPL problem is
developed. Finally, we give an overview of our TPL layout
decomposition framework.

2.1 Problem Formulation
We introduce two definitions as follows:

Definition 1 (conflict graph, CG). The conflict graph is
defined as an undirected graph GðV;EÞ, where V represents the
set of vertices, and v 2 V represents a feature. E is the set of
edges, and eij 2 E exists between two features i and j if the dis-
tance between them is less thanmincs.

Definition 2 (sub-feature). One or more stitches are inserted
into a feature, and the feature is split into several parts, namely
sub-features.

The TPL layout decomposition problem is to decompose
an initial layout into three masks via possible stitch

Fig. 1. TPL layout decomposition. (a) An example of three masks assign-
ment. (b) An example of layout with a conflict. (c) An example of layout
with inserting a stitch to eliminate conflict.
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insertions. The objective is minimizing the numbers of con-
flicts and inserted stitches. Formally, it can be described as
follows:

Problem (P0): TPL Layout Decomposition Problem
Given: Layout L, the minimum coloring spacing mincs,

the minimum feature size minfs, the minimum overlap mar-
ginminom, a constant a (0 $ a < 1).

Find: Stitch insertions in features and assignment of fea-
tures and sub-features to three masks, such that jCjþ ajSj is
minimized, where jCj is the number of conflicts occurring
and jSj is the number of stitches inserted. The locations of
stitches should be legal.

Inserting a stitch legally into a feature means that: (i)
the size of the generated sub-features should be larger
than the minimum feature size minfs; (ii) an inserted
stitch is not near any corner of the feature; and (iii) the
overlap length is greater than the minimum overlap mar-
gin minom. Here overlap length means that, stitch inser-
tion position can be moved vertically or horizontally
without causing any new conflict, and the move length
is called the overlap length [16]. An example of a legal
stitch is shown in Fig. 2.

The above constraints are due to that, a very small sub-
feature is easy to generate overlay error [5], [15], [16]; a cor-
ner stitch may cause significant side effect on printability;
and similarly, if the overlap length of a stitch is less than
minom, then the stitch may cause side effect too [5], [15], [16].

In the problem, assigning features to three masks is
equivalent to 3-coloring of the conflict graph. Hence in the
following, when saying coloring a vertex of the conflict
graph, it means assignment of the corresponding feature to
a mask, and vice versa.

2.2 Discrete Relaxation Theory

Definition 3 (Discrete relaxation). Relaxation Problem
(RP):

zR ¼ minffRðxÞ : x 2 XRg;

is a discrete relaxation of problem (P):

z ¼ minffðxÞ : x 2 Xg;

if there exists an optimal solution xR$ of problem (RP), and
there exists an optimal solution x

$ of problem (P) such that
fRðxR$ Þ $ fðx$ Þ.

In the above definition, the function fR and the feasible set
XR must be selected carefully. Generally, we should select
an XR such that an optimal solution of the relaxation prob-
lem could be transformed easily to a feasible solution of the
original problem (P).

Although Definition 3 can be applied without any
assumption on the feasible sets XR and X, we restrict them
to be discrete sets for our usage and call the relaxation as
discrete relaxation. By Definition 3, we immediately have:

Proposition 1. If problem (RP) is a discrete relaxation of prob-
lem (P), then zR $ z.

Proposition 1 means that, by discrete relaxation we will
obtain a lower bound on the minimum value of the original
problem. Specifically, we have:

Proposition 2. Suppose that problem (RP) is a discrete relaxa-
tion of problem (P). Let xR$ be an optimal solution of problem
(RP). If xR$ can be transformed to a feasible solution x of prob-
lem (P), such that fRðxR$ Þ ¼ fðxÞ, then x is an optimal solu-
tion of problem (P).

Proof. By Proposition 1 and the assumptions of this propo-
sition, zR ¼ fRðxR$ Þ ¼ fðxÞ $ z. Since x 2 X, we have
z $ fðxÞ. So fðxÞ ¼ z, which means that x is an optimal
solution of problem (P). tu

The principle of using the above discrete relaxation the-
ory is as Fig. 3 shows. First, we formulate a discrete relaxa-
tion problem for problem (P) to obtain an optimal solution
xR

$
of (RP). And then, xR$

is legalized to a feasible solution
x of the original problem (P), and we have fRðxR$ Þ $ fðxÞ
by Proposition 1. If fRðxR$ Þ ¼ fðxÞ, then by Proposition 2
we obtain an optimal solution x of problem (P).

Although the above discrete relaxation theory looks sim-
ple, we carefully design relaxation techniques for the TPL
layout decomposition problem, and the computational
results are promising.

2.3 Overview of Layout Decomposition Framework
In Fig. 4, we illustrate our decomposition framework for the
TPL layout decomposition problem. First, according to the
rule of minimum coloring spacing, we transform an initial
layout to a conflict graph using our new projection method,
i.e., surface projection method. And then, we adopt two
techniques to reduce the conflict graph, which is a discrete
relaxation. After that, the large scale TPL layout decomposi-
tion problem is reduced to numerous small scale TPL layout
decomposition subproblems.

At the discrete relaxation coloring step, a 0-1 program is
constructed for each reduced TPL problem, which is a dis-
crete relaxation. Then, we solve the 0-1 program to obtain a
discrete relaxation solution for each reduced TPL problem.
At the discrete relaxation step, stitch insertions are ignored.
At the legalization step, stitch insertion and backtrack

Fig. 2. A sample of legal stitch insertion.
Fig. 3. Geometrical representation of discrete relaxation.
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coloring algorithms are respectively used to legalize the dis-
crete relaxation solutions. Finally, we color the removed fea-
tures, which are removed at the relaxation by graph
reduction step. Details of the decomposition framework are
described in the following sections.

3 SURFACE PROJECTION AND K4 CONFLICT

STRUCTURE

In order to eliminate conflict edges in a layout, stitches
might be introduced to split a feature into several sub-
features. But, conflict edges between some features might
not be totally eliminated by inserting stitches. We call these
conflict edges as non-resolvable conflicts, and call the corre-
sponding conflict sub-graph as non-resolvable conflict
structure.

In this section, we develop a surface projection method
for finding the conflict features in a layout. The conflict fea-
tures will be prior considered at the discrete relaxation col-
oring step. Using the conflict features, the K4 conflict
structures in a layout can be identified, which have an
important property that the conflict edges in the structures
cannot be totally eliminated by inserting stitches.

3.1 Surface Projection
Line projection method [5] has been popularly utilized for
constructing a conflict graph and finding stitch insertions
for the DPL or TPL layout decompositions. Fig. 5a shows an
example of line projection of feature b on feature c. How-
ever, we want to identify features which are critical and
should be colored prior, and this forms a basis of our dis-
crete relaxation method. For this purpose, we develop the
surface projection method.

Note that, the relation between two neighboring features
is more than their boundaries. Some useful relation may be
inside the features. Using the information, we want to iden-
tify the features at which non-resolvable conflicts are more
likely to exist, which might be colored prior. We develop a
surface projection method to mine the information. In order
to present the method accurately, some definitions are intro-
duced as follows:

Definition 4 (conflict region, CR). The conflict region of a
feature is defined as a 2D region around the feature but within
the minimum coloring spacingmincs.

Definition 5 (conflict rectangle, CRT ). The conflict rectan-
gle on feature a by feature b is defined as the minimum rectan-
gle enclosing the intersection of feature a and the conflict
region of feature b.

As illustrated in Fig. 5b, the shaded round region around
feature b is called the conflict region (CR) of b, and the dashed
box on feature c is the conflict rectangle CRT resulted by b.

Definition 6 (triple conflict rectangle, TCRT ). The triple
conflict rectangle on feature a is defined as a rectangle, which is
the intersection of three or more conflict rectangles (CRTs) on
feature a. Some adjacent features of feature a create these con-
flict rectangles, and these adjacent features are called conflict
adjacent features (CAF ) of feature a.

For any feature a, the line projection method can find all
possible conflict line segments on the peripheries of a,
which are projections of the neighbouring features. How-
ever, for some features, line projection may not find all pos-
sible conflict regions inside the features, and then, it may
not find the triple conflict rectangles inside the features. An
example is illustrated as Figs. 5c and 5d.

In Fig. 5c, line projection finds three 1D conflict line seg-
ments on the four peripheries of feature c. In Fig. 5d, surface
projection finds three 2D conflict regions on feature c, and a
triple conflict rectangle (TCRT ), i.e., dashed box, can be
found inside c, which cannot be found by line projection.
Detecting triple conflict rectangle is crucial for finding con-
flict features and K4 conflict structures, which will be pre-
sented in the next section.

3.2 Conflict Feature andK4 Conflict Structure

Definition 7 (conflict feature, CF ). Feature a is called a con-
flict feature if it satisfies the two conditions: (1) there exists a
triple conflict rectangle TCRT on feature a; (2) the graph com-
posed of feature a and its conflict adjacent features (CAF ) is
not three-colorable.

Definition 8 (K4 conflict structure, K4CS). A graph struc-
ture is a K4 conflict structure, if it is a K4 structure, and all

Fig. 4. Our TPL layout decomposition framework.

Fig. 5. Surface projection and line projection. (a) Line projection.
(b) Surface projection. (c) An example shows that line projection cannot
find inside TCRT. (d) Surface projection is used to find TCRT.
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the four features are conflict features CF and they are CAF
each other.

By Definition 7, the feature c in Fig. 5d is a CF , since
there is a TCRT on it; and c and its conflict adjacent features
a, b and d compose a K4. Similarly, features a, b, c and d in
Fig. 6a are CF too. In addition, the structure composed of
features a, b, c and d in Fig. 6a is a K4 conflict structure
K4CS, in which the TCRTs in features b and c cannot be
identified by the line projection method. Hence, our surface
projection method can be used to locate more unresolvable
conflicts, since some conflict structures K4CS cannot be
identified by the line projection method.

For a conflict feature, it has a property as follows.

Lemma 1. Suppose that feature a is a conflict feature, and fea-
tures a1; a2; . . . ; akþ1 are the sub-features of feature a, where k
is the number of stitches inserted into feature a. Then at least
one of features a1; a2; . . . ; akþ1 is still a conflict feature.

Proof. If feature a is a conflict feature, then it has at least a
TCRT . We insert k stitches into feature a and split it into
sub-features a1; a2; . . . ; akþ1. Suppose that we first insert
stitch s1 into feature a and split it into two parts a1 and a2.
Then there are two possible results: 1) if stitch s1 cuts
across the TCRT on feature a, we have that both of the
sub-features a1 and a2 contain a new TCRT ; 2) otherwise,
only one of a1 and a2 contains TCRT . Next, stitches are
inserted into feature a one by one. At last, feature a is split
into kþ 1 sub-features a1; a2; . . . ; akþ1. Obviously, the
number of sub-features containing TCRT is nondecreas-
ing. Hence, at least one of the sub-features ai contains
TCRT , and the sub-graph consisting of the sub-feature ai
and the conflict adjacent features CAF of feature a is not
3-colorable. By Definition 6, this completes the proof. tu
Lemma 1 shows that, inserting stitches into a conflict fea-

ture cannotmake it be a non-conflict feature.Hence,when col-
oring, conflict features should be colored prior. Especially, for
aK4 conflict structure, it has the following property.

Theorem 1. Every K4 conflict structure exists at least a non-
resolvable conflict.

Proof. Since a K4CS is a K4 structure, it is not 3-colorable,
which means that for any color assignment, at least a con-
flict exists in the K4CS. Furthermore, since all the four
features in aK4 structure are CFs, and by Lemma 1, stitch
insertions cannot eliminate the conflict in the K4CS.
Hence a K4 conflict structure exists at least a non-resolv-
able conflict. tu
Theorem 1 suggests that a K4 conflict structure exists a

conflict which cannot be eliminated by inserting stitches. To

find potential conflicts in a layout, it is important to identify
the conflict features. Identifying the conflict features can be
done by the BFS algorithm, which traverses the conflict
graph. Furthermore, for every vertex vwith TCRT , the algo-
rithm will find all K4 subgraphs containing v. Suppose that
the maximum degree of vertices in a layout is d. Then the
runtime of determining whether there exists a subgraph
containing v is K4 is in time Oðd3Þ. Hence, the total runtime
complexity for identifying CFs is in time Oðnd3Þ, where n is
the number of features in a layout.

4 DISCRETE RELAXATION METHOD FOR TPL
LAYOUT DECOMPOSITION

Since it is hard to solve directly the TPL layout decomposi-
tion problem, we propose a discrete relaxation method for
finding a lower bound on the minimum value of the prob-
lem, basing on the discrete relaxation theory.

In this part, we describe our discrete relaxation method
for the TPL layout decomposition problem, which is to
obtain a lower bound on the optimal value of the problem.

4.1 Equivalent Formulation of Problem (P0) to (P1)
First, we formulate the TPL layout decomposition problem
(P0) to an equivalent problem (P1). Here, we consider the
TPL layout decomposition problem by assigning features to
three masks first, and then consider stitch insertions into
some features.

Suppose that GðV;EÞ is decomposed into four sub-
graphs G1ðC1; E1Þ, G2ðC2; E2Þ, G3ðC3; E3Þ, G4ðR4; E4Þ,
where Ei is the set of edges between the features in Ci

(i ¼ 1; 2; 3; 4), respectively, and Ei (i ¼ 1; 2; 3) is an empty
set. After obtaining the decomposition C1, C2, C3 and R4,
we consider stitch insertions for the features in R4. Then,
the generated sub-features and the unsplitted features in R4

are assigned to classes C1, C2 and C3 with the minimum
total number of conflicts in C1, C2 and C3.

Let SðR4Þ be the set of all possible plans of inserting
stitches into the features in R4. Given C1, C2, C3, S 2 SðR4Þ,
there are many ways of assigning the generated sub-fea-
tures and the unsplitted features in R4 to classes C1, C2 and
C3. And different way of assignment will produce different
conflicts. Here we let T ðC1; C2; C3; SÞ be the minimum total
number of conflicts in C1, C2 and C3 among these ways of
assignment.

Mathematically, problem (P0) can be formulated equiva-
lently as the following problem (P1):

min T ðC1; C2; C3; SÞ þ ajSj
s.t. if i; j 2 Ck; then eij =2 E; k ¼ 1; 2; 3; ð1aÞ

S 2 SðR4Þ; (1b)

where constant a is a weight parameter. In this paper, we
take a ¼ 0:1, which is as that in Yu et al. [10].

Let XP0 , XP1 be the solution spaces of problems (P0) and
(P1), and let f0ðxP0Þ, f1ðxP1Þ be the objective functions of
problems (P0) and (P1), respectively.

Claim 1. Problem (P1) is an equivalent formulation of problem
(P0).

Fig. 6. Conflict features and aK4 conflict structure.
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Proof. Suppose that x
$

P0
¼ ðM$

1 ;M
$

2 ;M
$

3 Þ 2 XP0 is an opti-
mal solution of problem (P0), where M

$

k (k ¼ 1; 2; 3)
includes the stitch free features and the sub-features pro-
duced by stitch insertion plan S. Move all sub-features in
M

$

1 , M
$

2 , M
$

3 to R4. After that, if there exists a conflict in
M

$

1 ,M
$

2 orM
$

3 , move a feature atwhich the conflict occurs
to R4. Repeating this operation will finally produce a feasi-
ble solution ðC1; C2; C3; SÞ of problem (P1). Obviously

f0ðx
$

P0
Þ ' T ðC1; C2; C3; SÞ þ ajSj:

Hence the optimal value of problem (P1) is a lower
bound on the optimal value of problem (P0).

Conversely, an optimal solution of problem (P1) is a
feasible solution of problem (P0), which means that the
optimal value of problem (P0) is also a lower bound on
the optimal value of problem (P1). Combining the two
cases implies that Claim 1 holds. tu

4.2 Relaxation of Problem (P1) to (P2)
Next, we relax problem (P1) to a problem (P2) by discrete
relaxation, which is a 0-1 program whose optimal value pro-
vides a lower bound on the optimal value of problems (P1)
and (P0). Problem size of the 0-1 program is significantly
less than that of the TPL layout decomposition problem,
due to ignoring stitch insertions.

Let ðxi1; xi2Þ be a two dimensional binary variable, which
is used to express the color of vertex i. When ðxi1; xi2Þ ¼
ð0; 1Þ, it means i 2 C1; similarly, when ðxi1; xi2Þ ¼ ð1; 0Þ, it
means i 2 C2; and when ðxi1; xi2Þ ¼ ð1; 1Þ, it means i 2 C3.
However, when ðxi1; xi2Þ ¼ ð0; 0Þ, it means that vertex i is
uncolored, i.e., i 2 R4.

Let wi be the weight of vertex i. By Theorem 1, we know
that a non-resolvable conflict is more likely to exist at a con-
flict feature CF . Hence a conflict feature CF should be
assigned a greater weight. Specifically, let

wi ¼
1; if i is conflict feature;
a; if i is not conflict feature.

!

Then we relax problem (P1) to the 0-1 program (P2):

min
X

i2V
wið1( xi1Þð1( xi2Þ

s.t. xi2 ( xi1 þ xj2 ( xj1 $ 1; 8eij 2 E; ð2aÞ

xi1 ( xi2 þ xj1 ( xj2 $ 1; 8eij 2 E; (2b)

xi1 þ xi2 þ xj1 þ xj2 $ 3; 8eij 2 E; (2c)

ðxi1; xi2Þ 2 0; 1f g) 0; 1f g; 8i 2 V: (2d)

In the objective function,

ð1( xi1Þð1( xi2Þ ¼
0; if i 62 R4;
1; if i 2 R4:

!

Hence the objective is minimizing the total weight of the
vertices in R4. Constraints (2a)-(2c) are equivalent to con-
straint (1a), which are used to force that, if eij 2 E, then ver-
tices i and j should not be in the same class C1, C2 or C3,

respectively. Specifically, for (2a), if vertices i and j are in
C1, then eij =2 E; otherwise, ðxi1; xi2Þ ¼ ðxj1; xj2Þ ¼ ð0; 1Þ vio-
late constraint (2a).

Furthermore, for an optimal solution ðC1; C2; C3; R4Þ of
problem ðP2Þ, the following observation is obvious. Any fea-
ture in R4 conflicts with a feature in Ci, i ¼ 1; 2; 3, respec-
tively; otherwise it will be moved to Ci, and we get a better
solution.

From the formulation of program (P2), it can be seen that
the difficulty of resolving conflicts is considered by assign-
ing weights to vertices. This difficulty has also been
addressed by Fang et al. [15], in which weights are assigned
to edges.

Next, we discuss the relationship between problems (P1)
and (P2). For any optimal solution x

$

P1
=(C

$

1 , C
$

2 , C
$

3 , S
$
) of

problem (P1), we suppose without loss of generality that, if
a feature i 2 R

$

4 ¼ V ( C
$

1 [ C
$

2 [ C
$

3 can be moved to C
$

1 ,
C

$

2 or C
$

3 without causing conflicts, then it has been moved.
For the convenience of description, we divide the fea-

tures in R*
4 into two classes, UCF and UNCF , where UCF is

the set of uncolored conflict features, and UNCF is the set of
uncolored non-conflict features.

Lemma 2. For any optimal solution x
$

P1
¼ ðC$

1 , C
$

2 , C
$

3 ,
S

$ Þ 2 XP1 of problem (P1), if a feature i 2 UCF , then there
exists at least a conflict occurring at i which cannot be elimi-
nated by inserting stitches.

Proof. Suppose that feature i belongs to UCF . Then i is a
conflict feature, i 2 R

$

4 , and at least a conflict will occur at
feature i. By Lemma1, if stitches are inserted into feature
i, then one or more sub-features of feature i are conflict
features, and there still exists at least a conflict. Hence, at
least a conflict occurs at feature i which cannot be elimi-
nated by inserting stitches. tu

Note that, given an optimal solution x
$

P1
¼ ðC$

1 , C
$

2 , C
$

3 ,
S

$ Þ of problem (P1), when calculating T ðx$

P1
Þ, the features

and sub-features resulted by stitch insertions S
$
of features

in R
$

4 are assigned optimally to C
$

1 , C
$

2 or C
$

3 . In this case,
some features in R*

4 will contribute conflicts, we call them
Occurring Conflict Features (OCF ); and some features in R*

4

will not contribute conflicts, we call them Not Occurring
Conflict Features (NOCF ). Obviously, OCF [NOCF ¼ R

$

4 ,
and jOCF jþ jNOCF j ¼ jR$

4 j.
Let f1ðxP1Þ be the objective function of problem (P1), and

let f2ðxP2Þ be the objective function of problem (P2). By the
above assumptions, the following result can be deduced.

Theorem 2. Given an optimal solution x
$

P1
¼ ðC$

1 , C$

2 , C$

3 ,
S

$ Þ of problem (P1), there exists an optimal solution x
$

P2
of

problem (P2) such that f2ðx
$

P2
Þ $ f1ðx

$

P1
Þ.

Proof. Suppose that x
$

P1
¼ ðC$

1 , C
$

2 , C
$

3 , S
$ Þ 2 XP1 is an

optimal solution of problem (P1). It is obvious that
jUNCF jþ jUCF j ¼ jR$

4 j. By Lemma 2, we know that
every feature in UCF contributes at least a conflict num-
ber. Hence jUCF j $ jOCF j $ T ðx$

P1
Þ. Let jY j ¼ T ðx$

P1
Þ(

jUCF j. Obviously, jY j ' 0.
Moreover, every feature i 2 NOCF must be inserted

si ' 1 stitches to eliminate conflicts. So jNOCF j $ jS$ j,
and
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jUNCF jþ jUCF j( T ðx$

P1
Þ ¼ jR4j( T ðx$

P1
Þ

$ jR4j( jOCF j ¼ jNOCF j $ jS$ j:

Furthermore, since 0 $ a ¼ 0:1 < 1, we have

jUCF jþ ajUNCF j
$ jUCF jþ ajUNCF jþ ð1( aÞjY j
¼ jUCF jþ jY jþ aðjUNCF j( jY jÞ
¼ T ðx$

P1
Þ þ aðjUNCF jþ jUCF j( T ðx$

P1
ÞÞ

$ T ðx$

P1
Þ þ ajS$ j ¼ f1ðx

$

P1
Þ:

According to the value of wi, for the solution (C
$

1 , C
$

2 ,
C

$

3 , R
$

4 ), it is evidently that

f2ðxP1Þ ¼
X

i2V
wið1( xi1Þð1( xi2Þ ¼ jUCF jþ ajUNCF j:

Hence, Theorem 2 holds. tu

By Claim 1, Theorem 2 and the definition of discrete
relaxation, it is obvious that problem (P2) is a discrete relax-
ation of the TPL layout decomposition problem (P0). Specifi-
cally, we have

Claim 2. Suppose x$

P2
2 XP2 is an optimal solution of problem

(P2). If x
$

P2
is legalized to a feasible solution xP0 of problem

(P0), then

f2ðx
$

P2
Þ $ f0ðxP0Þ:

Specially, if f2ðx
$

P2
Þ ¼ f0ðxP0Þ, then xP0 is an optimal solution

of the TPL layout decomposition problem (P0).

Furthermore, we have two special cases in which opti-
mality of the TPL layout decomposition problem can be
verified.

Claim 3. Suppose N is the number of K4 conflict structures in a
layout. If there exists a solution xP2 of problem (P2) with con-
flict number N , then xP2 is a minimum conflict solution of
problem (P0).

Proof. Since every K4 conflict structure contributes at
least a conflict, the layout with N K4 conflict structures
exists at least N conflicts. Hence the solution xP2 with
conflict number N is a minimum conflict solution of
problem (P0). tu

Claim 4. Let x$

P2
2 XP2 be an optimal solution of problem (P2). If

every feature i 2 UNCF can be inserted at most si ¼ 1 stitch to
eliminate conflicts, and every feature i 2 UCF contributes at
most a conflict number, then x

$

P2
together with the stitch inser-

tion into every feature i 2 UNCF is an optimal solution of
problem (P0).

Proof. For the optimal solution x
$

P2
of problem (P2), if every

feature i 2 UNCF can be inserted at most si ¼ 1 stitch to
eliminate conflicts, and every feature i 2 UCF contributes
at most a conflict number, then UCF ¼ OCF and
UNCF ¼ NOCF . Thus the total conflict numbers
jCj ¼ jOCF j ¼ jUCF j, and

jSj ¼
X

i2NOCF

si ¼ jNOCF j ¼ jUNCF j:

So

jUCF jþ ajUNCF j ¼ jCjþ ajSj;

and

jUCF jþ ajUNCF j ¼
X

i2V
wið1( xi1Þð1( xi2Þ:

Hence, x
$

P2
together with the stitch insertion into every

feature i 2 UNCF is an optimal solution of problem
(P0). tu

Problem (P2) is a nonlinear 0-1 program, which is gener-
ally difficult to solve in large scale cases. However, our
relaxation via graph reduction techniques proposed in
Section 6 can reduce the conflict graph to many small size
independent components. Thus problem (P2) on the small
size independent components can be solved easily. Specifi-
cally, we adopted the Branch and Bound method in the soft-
ware package GUROBI [18] to solve the problem on the
small size independent components.

Actually, our 0-1 non-linear program (P2) can be linear-
ized equivalently to the 0-1 linear program (P3) as follows
by introducing new variables and constraints:

min
X

i2V
wixi3

s.t. xi2 ( xi1 þ xj2 ( xj1 $ 1; 8eij 2 E; ð3aÞ

xi1 ( xi2 þ xj1 ( xj2 $ 1; 8eij 2 E; (3b)

xi1 þ xi2 þ xj1 þ xj2 $ 3; 8eij 2 E; (3c)

1( xi1 ( xi2 $ xi3; 8i 2 V ; (3d)

ðxi1; xi2Þ 2 0; 1f g2; xi3 2 f0; 1g; 8i 2 V: (3e)

In the above formulation, constraint (3d) is used to force
that, if xi1 ¼ 0 and xi2 ¼ 0 then xi3 ¼ 1; otherwise xi3 ¼ 0,
since the objective is minimization and wi > 0. However,
we did not adopt the 0-1 linear program (P3) in our decom-
position flow, since it uses more variables and constraints
than the 0-1 non-linear program (P2), and the software pack-
age GUROBI [18] is faster on the small scale program (P2)
than on program (P3).

The 0-1 linear program (P3) is a formulation of the TPL
layout decomposition problem (P0) without stitch inser-
tions. In [10], Yu et al. proposed an exact 0-1 linear program
formulation of the TPL layout decomposition problem (P0).
If forbidding stitch insertions, their formulation is reduced
to the following program (P4),

min
X

eij2E
cij

s.t. xi1 þ xi2 $ 1; 8i 2 V ; ð4aÞ

xi1 þ xj1 $ 1þ cij1; 8eij 2 E; (4b)
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ð1( xi1Þ þ ð1( xj1Þ $ 1þ cij1; 8eij 2 E; (4c)

xi2 þ xj2 $ 1þ cij2; 8eij 2 E; (4d)

ð1( xi2Þ þ ð1( xj2Þ $ 1þ cij2; 8eij 2 E; (4e)

cij1 þ cij2 $ 1þ cij; 8eij 2 E; (4f)

xi1; xi2; cij1; cij2; cij 2 f0; 1g; 8i; j 2 V: (4g)

However, it can be seen that program (P3) uses 3jV j vari-
ables and jV jþ 3jEj constraints, while program (P4) uses
2jV jþ 3jEj variables and jV jþ 5jEj constraints. Hence, if
forbidding stitch insertions, our 0-1 linear program (P3)
uses less variables and constraints than program (P4).

We solve the discrete relaxation problem (P2) to obtain a
relaxation solution. And the relaxation solution will be
legalized to a feasible solution (M1, M2, M3) of problem (P0)
with stitch insertions. The feasible solution (M1, M2, M3)
may not be an optimal solution of problem (P0). However,
by Claim 2 or Claim 4, in some cases it will be.

5 LEGALIZATION

For every independent component G of the conflict graph
got after graph reduction proposed in Section 6, we obtain a
relaxation coloring solution from program (P2). Then, in
order to obtain a final mask assignment of TPL layout
decomposition, the discrete relaxation solution should be
legalized. For an independent component G, the legaliza-
tion proceeds as follows.

If in the coloring solution (C1, C2, C3, R4) of problem (P2),
R4 6¼ ;, then to eliminate conflicts, we introduce one-stitch
first insertions on the features in R4. Details of the optimal
one-stitch insertion are described in Section 5.1. Further-
more, if there exits a feature i 2 UNCF which cannot be
inserted at most si ¼ 1 stitch to eliminate conflicts, then the
solution obtained from the relaxation coloring solution may
not be optimal for problem (P0). In this case, we propose a
backtrack coloring method to obtain another better relaxa-
tion solution ðC$

1 ; C
$

2 ; C
$

3 ; R
$

4 Þ. And then we consider
dichotomy stitch insertion on the new solution. The details
are shown in Section 5.2.

5.1 Stitch Insertion
Due to conflicts, the features in the set R4 of a relaxation
solution are uncolored. And the features might be inserted
stitches to eliminate conflicts. Since our objective is that,
these features should be colored with the minimum
jCjþ ajSj, we should find stitch insertions into the features
in R4, and then assign their sub-features to the three
masks. An algorithm for finding all candidate one-stitch
insertions on a feature a is shown as Algorithm 1. Further-
more, if we need to insert multiple stitches into feature a,
then we execute Algorithm 1 on the sub-features of feature
a iteratively.

In the algorithm, first we find all conflict rectangles on
feature a (Line 2). A CRT consists of four edges, each

edge of CRT generates a Checking Stitch Edge (CSE). A
CSE of feature a is a line segment whose two endpoints
are on the boundary of feature a, and feature a could be
split into two sub-features as long as the split along the
CSE satisfies the following three conditions:

Algorithm 1. Candidate One-Stitches Finding

Input: feature a in R4, its adjacent features and their colors;
Output: all candidate one-stitch insertions on a;
1: for every adjacent feature of feature a do
2: calculate the CRTs on feature a caused by its adjacent

features, and store CRTs in CRTSet;
3: end for
4: for every CRT 2 CRTSet do
5: CSEs ¼ genCSEðCRT Þ;
6: store CSEs in CSESet;
7: end for
8: for CSEs 2 CSESet do
9: if splitting feature a into two sub-features along CSE

satisfies Conditions 1, 2 and 3, then store the CSE into
candidate stitch set COSSet;

10: end for

Condition 1. Sizes of the generated sub-features should be
larger than the minimum feature sizeminfs;

Condition 2. A candidate stitch insertion is not near a cor-
ner of feature a. Overlap length should not be less than the
overlap marginminom.

Condition 3. The number of conflict edges connected to
generated sub-features is less than the number of conflict
edges connected to feature a.

Conditions 1 and 2 are used to make the locations of
stitches legal. Condition 3 indicates that inserting a stitch
along the CSE will eliminate some conflicts, and then gener-
ate a better layout decomposition.

In the algorithm, the function genCSE(CRT) refers to
generating four CSEs of a conflict rectangle CRT (Lines
4-7). If along a CSE the feature a could be split into two
sub-features satisfying the three conditions, then the
CSE is a candidate stitch insertion (Lines 8-10).

After obtaining all candidate stitch insertions in
COSSet, we only keep those candidate stitches which
may generate sub-features with the minimum conflict
number, and the others are deleted. Then we find an
optimal stitch in COSSet for feature a, and split feature
a along the optimal stitch into sub-features a1 and a2.
The optimal stitch is based on a criterion cut cost for
evaluating every stitch, which is the increased number
of edges of the conflict graph after splitting feature a
along the stitch.

Note that, the sub-features a1 and a2 of feature a got by
splitting feature a along stitch s will be assigned different
colors. Suppose that bi is an uncolored feature and adjacent
to feature a, i.e., eabi 2 E. If ea1bi 2 E and ea2bi 2 E, then
splitting feature a along stitch s will increase the degree of
feature bi by 1, and we let cut costbi ¼ 1. So the function
cut costðsÞ of stitch s is formulated as

cut costðsÞ ¼
X

eabi2E
cut costbi ;
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where

cut costbi ¼
1; ea1bi 2 E and ea2bi 2 E;
0; otherwise:

!

Obviously, cut costðsÞ ' 0. An optimal one-stitch is with
the minimum cut costðsÞ. Our empirical experiments indi-
cate that most of features in UNCF have optimal one-
stitches with cut costðsÞ ¼ 0.

For every feature in R4, Algorithm 1 is used to find all
candidate one-stitch insertions, and all optimal one-stitch
insertions are found based on the above criterion. After
that, the features in R4 with optimal one-stitch insertions
are split along their optimal one-stitches respectively, and
the obtained sub-features are colored legally. Then the con-
flict graph G, the sets C1, C2, C3 and R4 are updated accord-
ingly. If conditions of Claim 4 are satisfied, then the
obtained coloring solution is optimal for the TPL layout
decomposition problem; otherwise, we perform the process
of backtrack coloring in Section 5.2.

5.2 Backtrack Coloring
To obtain a better legal solution, a backtrack coloring algo-
rithm is proposed in this section. Similar backtrack method
was introduced by Yu et al. [17] to address the TPL aware
detailed placement problem, which is fast and effective on
small size graphs. Let x ¼ ðC1; C2; C3; R4Þ be a relaxation
coloring solution of independent component G got by pro-
gram (P2). We introduce a set WOSF to represent the fea-
tures in UNCF which cannot be inserted at most si ¼ 1
stitch to eliminate conflicts. We try to find a better relaxation
coloring solution x

$ ¼ ðC$

1 ; C
$

2 ; C
$

3 ; R
$

4 Þ of G by Algorithm
2, and then insert stitches into the features in R

$

4 .

Algorithm 2. Backtrack Coloring

Input: independent component G, coloring solution x ¼ ðC1;
C2; C3; R4Þ by program (2), subsets X0 and X00 of coloring
solution space of G;

Output: another coloring solution x
$
of G;

1: for every x0 ¼ ðC0
1; C

0
2; C

0
3; R4Þ 2 X0 do

2: if there exist one-stitch insertions such that
WOSF ¼ ; then

3: x
$ ¼ x0;

4: break;
5: end if
6: end for
7: ifWOSF ¼ ; then
8: return x

$
;

9: else
10: for every x00 ¼ ðC00

1 ; C
00
2 ; C

00
3 ; R

00
4Þ 2 X00 do

11: calculate the decomposition cost of x00: costðx00Þ ¼ jCjþ
ajSj;

12: if find a less cost solution x00 then
13: if costðx00Þ ¼¼

P
i2R4

wi then
14: x

$ ¼ x00; Break;
15: end if
16: x

$ ¼ x00;
17: end if
18: end for
19: return x

$
;

20: end if

In Algorithm 2, inputs X0 and X00 are two subsets of
coloring solutions of program (2), which are obtained
and stored at the solution stage of program (2) by the
Branch and Bound method. Every solution x0 ¼ ðC0

1; C
0
2;

C0
3; R

0
4Þ 2 X0 satisfies that R0

4 ¼ R4, here R4 is a part of
the coloring solution x of program (2), which is an input
of Algorithm 2. And every solution x00 ¼ ðC00

1 ; C
00
2 ;

C00
3 ; R

00
4Þ 2 X00 satisfies that R00

4 6¼ R4 and there are no con-
flict features in R00

4 .
Theoretically, the number of solutions in X00 generated

by the Branch and Bound method may be exponential.
However, there are few non-conflict features in a dense lay-
out. Moreover, for a sparse layout, after graph reduction,
the size of every resulting connected component is small.
These means that jX00j is not too large and the storage of X00

is tolerable. The situation for X0 is similar. To make Algo-
rithm 2 faster, we might only store solutions nearing to the
coloring solution x of program (2) in the Branch and Bound
process, toX0 andX00 respectively.

Algorithm 2 first scan all solutions in X0 of G (Lines 1-6).
For every new coloring solution ðC0

1; C
0
2; C

0
3; R4Þ, we enu-

merate all candidate one-stitch insertions on features in R4

by Algorithm 1, and check whether the criterion WOSF ¼ ;
is satisfied (Line 2). If a solution x

$
with WOSF ¼ ; is

found, then a condition of Claim 4 is satisfied, and we stop
the backtrack coloring; otherwise, all solutions in X00 will be
scanned to find another better one (Lines 10-19), and we
have another break criterion to end the scan (Line 13). This
criterion means that, if the algorithm has found a solution
with costðx00Þ ¼

P
i2R4

wi, which is the optimal value of

problem (2), then it is optimal for problem (1) and it does
not need to scan further.

Note that stitch insertions should be found before cal-
culating costðx00Þ ¼ jCj þ ajSj (Line 11). Here, we consider
multiple stitch insertions more than one-stitch insertions
for eliminating more conflicts. Inserting multiple stitches
into a feature a means that we execute Algorithm 1 on
the sub-features of feature a iteratively. Main steps for
finding candidate multiple stitch insertions are similar to
those in Algorithm 1, and the details are omitted here.
Fig. 7 shows two examples of backtrack coloring.

6 RELAXATION VIA GRAPH REDUCTION

In this section we introduce several graph reduction techni-
ques to reduce the conflict graph to small size subgraphs,

Fig. 7. Two samples of backtrack coloring. (a)(c) Initial illegal coloring
solutions. (b)(d) Feasible solutions after backtracking.
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and thus achieve a relaxation of the TPL layout decomposi-
tion problem.

Using some rule, we remove some vertices in the initial
conflict graph GðV;EÞ, and finally get some small size dis-
connected subgraphs. After that, we solve the TPL problem
on the subgraphs to obtain a mask assignment. Suppose
that x is a mask assignment of GðV;EÞ. Obviously, the opti-
mal value of the TPL problem on the subgraphs is not more
than the optimal value of the original problem. Hence the
mask assignment problem on the subgraphs is a relaxation
problem of the mask assignment problem of GðV;EÞ. Theo-
retical results of this relaxation are similar to those in
Section 4.1, and are omitted here.

Removed vertices should be selected carefully from the
initial conflict graph. A rule is that, after mask assignment
of the subgraphs, the removed vertices can be colored eas-
ily. The vertex removing techniques in this paper are listed
as follows:

! Vertex with degree less than three removal [10], [15],
[16];

! Contained vertex removal.
After vertex removal from the initial conflict graph, inde-

pendent components must be calculated for constructing
subgraphs [10], [15], [16]. Independent components calcula-
tion and vertex with degree less than three removal have
been used popularly in the previous TPL layout decomposi-
tion works. Here, we focus on the contained vertex removal
technique. First we introduce the definition of contained
vertex [19].

Definition 9 (contained vertex). Given a graph GðV;EÞ, for
a pair of vertices i; j 2 V , suppose that eij =2 E and
AðiÞ + AðjÞ, where AðiÞ and AðjÞ are the set of adjacent verti-
ces of vertices i and j, respectively. We call that vertex i is con-
tained in vertex j, vertex i is called a contained vertex, and j is
called a containing vertex.

In Fig. 8a, vertex g is a contained vertex, since ege 62 E,
and AðgÞ ¼ fd; fg + AðeÞ ¼ fb; d; fg.

We find a contained vertex and its containing vertices in
the graph after the vertex with degree less than three
removal, and remove it from the graph. This process is
repeated until no contained vertex found. The time com-
plexity of removing all contained vertices is Oðd3jV jÞ, where
d is the maximum vertex degree of the graph.

The vertex removals are performed before the discrete
relaxation coloring stage. After obtaining the mask assign-
ment of the remainder graph, these removed vertices are
still uncolored, and need to be assigned to masks.

A contained vertex is prior assigned to the same mask as
one of its containing vertices. For the other removed verti-
ces, we color them in the reverse order of removing them at

the vertex removal stage. Since the features in the remainder
graph are well colored, it is easy to assign colors to the
removed vertices. To achieve final coloring, if needed, we
will insert stitches into them or perform backtrack coloring
as in Section 5.2 again. In all, the removed features will be
assigned to appropriate masks with the minimum number
of conflicts or stitches.

Note that a removed vertex might have several optional
colors during coloring. That is, no matter which color is
assigned to the feature, no conflict will be generated. We
call this feature as a color-optional-feature. Since a well bal-
anced decomposition is benefit for manufacturing [11], [20],
here we consider global density balance for layout decom-
position. We define

den ¼ max A1; A2; A3f g
min A1; A2; A3f g

;

as our density balance measurement, where Ak (k ¼ 1; 2; 3)
is the total area of features on the kth mask. During the pro-
cess of removed feature coloring, a color-optional-feature
will be assigned a color which may keep the minimal den-
sity balance measurement. This strategy benefits to the
global density balance of the three masks.

7 EXPERIMENTAL RESULTS

In order to evaluate our TPL decomposition method, we
tested it on the ISCAS-85 & 89 benchmarks provided by Yu
et al. [10]. The circuit sizes of the benchmarks range from
1,109 to 168 K. The algorithms were programmed in C++
and run on a personal computer with 2.4 GHz CPU, 16 GB
memory and the Linux operating system. For problem (P2),
we adopted the Branch-and-Bound code for nonlinear inte-
ger programming in the package GUROBI [18] as our non-
linear 0-1 program solver. For comparing with previous
TPL decomposers, we set the parameter values the same as
those in previous works. More precisely, the minimum fea-
ture size minfs and the overlap margin minom were set as
10 nm, and the weight parameter awas set as 0.1.

We performed two experiments to adequately demon-
strate the effectiveness of our discrete relaxation based
decomposition method. Test results of the first experiment
are compared with those of the state-of-the-art TPL decom-
posers [11], [15], [16]. Test results of the second experiment
are compared with those of the state-of-the-art TPL decom-
posers [10], [15], [21]. Since the binaries of the compared
decomposers are not available to us, the test results of the
state-of-the-art TPL decomposers are quoted from the
respective publications directly.

7.1 First Experiment
In this experiment, we tested our decomposition method on
the benchmarks with smaller minimum coloring spacing
mincs. More precisely, the minimum coloring spacing mincs
was set as 120 nm for benchmarks C432-C7552, and as 100 nm
for benchmarks S1488-S15850. The test results are listed in
Table 1.

7.1.1 Analysis of Our Test Results

In Table 1, the data in the columns “#IC” and “#RIC” are the
numbers of independent components of the initial conflict

Fig. 8. An example of vertex removal. (a) The initial graph. (b) The
remainder graph after removing contained vertex g.
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graphs, and the numbers of independent components of the
remainder graphs after graph reduction, respectively. The
data in the column “ratio” are the ratios between the num-
bers of edges and the numbers of vertices in the remainder
independent components, respectively. From Table 1, the
data in the column “#RIC” are small, compared with the
data in the column “#IC”. Specifically, the average #RIC is
only 1.1 percent of #IC. Hence we can conclude that our
graph reduction methods are effective.

The data in the column “#UCF” of Table 1 are the num-
bers of uncolored conflict features by our algorithm on the
remainder graphs of the benchmarks. By Lemma 2, we
know that #UCF is a lower bound on the minimum conflict
number of TPL. The data in the column “#C” of Table 2 are
the total conflict numbers found by our method on the
benchmarks. Comparing #UCF with #C, it is obvious that
both of them are equal for every benchmark. Hence, our
decomposition method found results with the minimum
conflict numbers for these benchmarks. Moreover, if

#UCF=#C, then every feature in UCF contributes at most a
conflict number.

The data in the columns “#UNCF” and “#WOSF” of
Table 1 are the numbers of uncolored non-conflict features,
and the numbers of uncolored non-conflict features without
one-stitch insertion, respectively. Table 1 shows that all
benchmarks C432-C5315 are with #WOSF=0 except C880,
and benchmarks S1488 and S38417 are with #WOSF=0.
Since #UCF=#C for benchmarks C432-C5315 except C880
and #UCF=#C for benchmarks S1488 and S38417, every fea-
ture in UCF contributes at most a conflict number for these
benchmarks. Hence according to Claim 4, we have obtained
a minimum cost solution, i.e., we have achieved optimal
decomposition costs for these benchmarks.

From the column “Den” in Table 1, it can be seen that
most of benchmarks have Den close to 1, i.e., the total areas
of the obtained three masks are almost equal. That is, the
densities of our results are well balanced.

7.1.2 Comparing with Other TPL Decomposers

In Table 2, we list the test results of our decomposition
method and the state-of-the-art TPL decomposers [11], [15],
[16], on the benchmarks C432-C7552 and S1488-S15850 with
mincs ¼ 120=100 nm. In the table, the data in the columns
“#C” and “#S” denote the conflict numbers and the stitch
numbers of the final results, respectively. And the data in the
column “Cost” are calculated in the sameway as that in prob-
lem (P1) and references [11], [15], [16]. The data in the col-
umns “CPU(s)” are the running times of our decomposition
method and the decomposers [11], [15], [16], respectively.

We compare in Table 2 our test results with those of
decomposers in [11], [15], [16]. From the table, we can see
that our method achieves the best TPL decomposition
result for every benchmark among the compared decom-
posers. The last row in Table 2 lists the average #C, #S,
Cost and runtime; and lists the Cost, runtime ratios based
on the results of our TPL layout decomposition method.
Comparing with the results achieved by Kuang et al. [16],

TABLE 1
Test Results of Our Decomposition Method with

mincs ¼ 120=100 nm

Bench #IC #RIC Ratio #UCF #UNCF #WOSF Den

C432 123 4 1.500 0 4 0 1.02
C499 175 0 - 0 0 0 1.37
C880 270 7 1.625 0 7 1 1.09
C1355 467 3 1.500 0 3 0 1.13
C1908 507 1 1.500 0 1 0 1.21
C2670 614 7 1.548 0 6 0 1.25
C3540 827 9 1.500 1 8 0 1.16
C5315 1,154 9 1.500 0 9 0 1.23
C6288 2,325 171 1.559 0 191 16 1.01
C7552 1,783 22 1.511 0 22 1 1.18

S1488 274 2 1.500 0 2 0 1.03
S38417 5,298 74 1.516 19 54 0 1.00
S35932 15,804 84 1.563 44 40 1 1.00
S38584 16,235 152 1.513 36 116 1 1.00
S15850 13,226 131 1.524 34 97 1 1.00

TABLE 2
Experimental Result Comparisons withmincs ¼ 120=100 nm

From [15] From [16] From [11] Ours

Bench #C #S Cost CPU(s) #C #S Cost CPU(s) #C #S Cost CPU(s) #C #S Cost CPU(s)

C432 0 6 0.6 0.01 0 4 0.4 0.01 0 4 0.4 0.2 0 4 0.4 0.01
C499 0 0 0 0.01 0 0 0 0.01 0 0 0 0.2 0 0 0 0.01
C880 1 15 2.5 0.01 0 7 0.7 0.01 0 7 0.7 0.3 0 7 0.7 0.02
C1355 1 7 0.7 0.02 0 3 0.3 0.01 0 3 0.3 0.3 0 3 0.3 0.02
C1908 1 0 0 0.04 0 1 0.1 0.01 0 1 0.1 0.3 0 1 0.1 0.04
C2670 2 14 3.4 0.06 0 6 0.6 0.04 0 6 0.6 0.4 0 6 0.6 0.06
C3540 2 15 3.5 0.08 1 8 1.8 0.05 1 8 1.8 0.5 1 8 1.8 0.07
C5315 3 11 4.1 0.11 0 9 0.9 0.05 0 9 0.9 0.7 0 9 0.9 0.11
C6288 19 341 53.1 0.13 14 191 33.1 0.25 1 213 22.3 2.7 0 204 20.4 0.16
C7552 3 46 7.6 0.17 0 22 2.2 0.1 0 22 2.2 1.1 0 22 2.2 0.17

S1488 0 4 0.4 0.03 0 2 0.2 0.01 0 2 0.2 0.3 0 2 0.2 0.03
S38417 20 122 32.2 0.62 19 55 24.5 0.42 19 55 24.5 7.9 19 54 24.4 0.60
S35932 46 103 56.3 2.13 44 41 48.1 0.82 44 48 48.8 21.4 44 40 48.0 1.70
S38584 36 280 64.0 2.26 36 116 47.6 0.77 37 118 48.8 22.2 36 116 47.6 1.81
S15850 36 201 56.1 2.14 36 97 45.7 0.76 34 101 44.1 20 34 97 43.7 1.73

Avg. 11.3 77.7 19.0 0.52 10.1 37.4 13.75 0.22 9.07 39.8 13.05 5.23 8.9 38.2 12.75 0.44
Ratio 1.49 1.19 1.08 0.50 1.02 10.06 1.00 1.00
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which is the fastest decomposer, we reduce the average
conflict number by 12 percent, and the average cost by 8
percent. For the state-of-the-art decomposer proposed by
Yu et al. [11], the average cost is 2 percent more than ours,
and the running time is nine times more than ours. These
comparisons validate the effectiveness of our decomposi-
tion method.

It must be remarked that the compared decomposers
were run on different platforms. In [11], the platform is a
personal computer with 3.0 GHz CPU and 32 GB RAM; in
[15], the platform is a personal computer with 2.93 GHz
CPU and 48 GB RAM; in [16], the platform is a personal
computer with 2.39 GHz CPU and 48 GB RAM. But our
platform is a personal computer with 2.40 GHz CPU and 16
GB RAM, which is almost the worst.

7.1.3 Scalability of Our Method

To analyze scalability of our decomposition method,
Fig. 9 presents the relationship between the number of
features and the running time of our decomposition
method. The figure is based on our computational results
on the ISCAS-85 & 89 benchmarks with mincs ¼ 120 nm.
In the figure, the bottom dotted line is the plot of function
y ¼ 0:7x; the up dotted line is the plot of function
y ¼ 1:4x; and our runtime picture is the middle solid line.

This fully illustrates that our discrete relaxation based
decomposition method is almost a linear-time decom-
poser for the tested benchmarks.

7.2 Second Experiment
To further evaluate effectiveness and scalability of our
discrete relaxation based decomposition method, we per-
formed additional experiments of testing our method on
the benchmarks S1488-S15850 with mincs ¼ 120 nm, and
on the ISCAS-85 & 89 benchmarks with minimum color-
ing spacing mincs ¼ 160 nm. It is obvious that the num-
bers of conflict edges of these graphs are more than those
in the first experiment, and the conflict graphs of these
benchmarks are more dense. The test results of our
decomposition method and the compared decomposers
are listed in Tables 3 and 4 respectively, where “Im(
percent)” denotes the cost reduction percentage by our
method comparing with the corresponding method. The
data in the columns “CPU(s)” are the runtimes of the
algorithm in [21] and our method, respectively. Since the
binaries of [10] and [15] are not available to us, we do not
list their runtimes.

From Table 3, comparing with [15], [10] and [21], our
method achieves considerably cost reduction for every
benchmark. Averagely, the cost reduction percentages by
our method comparing with the corresponding methods
in [15], [10] and [21] are 33.9, 55.6 and 59.6 percent, respec-
tively. From Table 4, the total costs of benchmarks S1488-
S15850 by our decomposition method are larger than those
in Table 3 respectively, due to the dense structures. The
last row of Table 4 lists the average improvements of the
cost reduction percentage by our method comparing with
the corresponding methods in [15], [10] and [21], which
are 35.6, 18.9 and 5.3 percent, respectively. Comparing
runtime between [21] and our approach, it can be found
that, our approach is faster than the method in [21] on
most of the benchmarks, especially on the sparse layouts.
It must be remarked that the platform in [21] is a personal
computer with 2.66 GHz and 4 GB RAM, which is better
than ours.

Finally, for the TPL layout decomposition problem, it
is obvious that mincs is a main parameter to control the
density of the conflict graph. In this experiment, we
have achieved greater improvement than the first experi-
ment, in which the conflict graph is sparser. This demon-
strates that our discrete relaxation based decomposition
method is more effective on the dense layouts.

Fig. 9. Running time versus the number of vertices.

TABLE 3
Experimental Result Comparisons on Dense Layouts withmincs ¼ 120 nm

From [15] From [10] From [21] Ours

Bench #C #S Cost Im% #C #S Cost Im% #C #S Cost Im% CPU(s) #C #S Cost CPU(s)

S1488 0 4 0.4 50.0 1 1 1.1 81.8 0 30 3.0 93.3 2.15 0 2 0.2 0.04
S38417 43 112 54.2 32.3 61 54 66.4 44.7 47 271 74.1 50.5 45.1 30 67 36.7 0.77
S35932 108 117 119.7 26.8 127 67 133.7 72.5 119 608 179.8 51.3 122 79 86 87.6 2.19
S38584 120 251 145.1 31.1 146 113 157.3 36.4 124 689 192.9 48.2 114 85 150 100.0 2.28
S15850 85 254 110.4 29.3 123 128 135.8 42.6 96 772 173.2 55.0 127 63 150 78.0 2.12

Avg. 33.9 55.6 59.6
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8 CONCLUSION

In this paper, we have proposed a discrete relaxation the-
ory, and have developed a discrete relaxation based decom-
position framework for the TPL layout decomposition
problem. Although the line projection method can construct
the conflict graph of the problem, we have developed a sur-
face projection method for identifying features which are
critical and should be colored prior, and this forms a basis
of our discrete relaxation method.

To solve the TPL layout decomposition problem, our dis-
crete relaxation based decomposition method relaxes the
problem in two steps. First, the conflict graph is reduced to
small size subgraphs by two graph reduction techniques,
which is a discrete relaxation of the TPL problem. After that,
the TPL problem on the small subgraphs is relaxed to a non-
linear 0-1 programming problem by ignoring stitch inser-
tions and assigning weights to features. To legalize an
optimal solution of the relaxation problem to a feasible
one of the TPL layout decomposition problem, some tech-
niques have been carefully adopted, e.g., the one-stitch
first insertion, backtrack coloring. Experiments on the
tested benchmarks show that our decomposition method
is efficient and effective, compared with the state-of-the-
art decomposers. Moreover, by our theoretical results, we
have obtained optimal decompositions for some bench-
marks. The developed discrete relaxation based decompo-
sition method for TPL is successful. We believe the idea
can be applied to other problems.
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